A NEW INVARIANT OF QUADRATIC LIE ALGEBRAS 

DUONG MINH THANH, GEORGES PINCZON, ROSANE USHIROBIRA 

o, 

^Nj ' Abstract. We define a new invariant of quadratic Lie algebras and give a com- 

plete study and classification of singular quadratic Lie algebras, i.e. those for 
prt '' which the invariant does not vanish. The classification is related to 0(«)-adjoint 

orbits in o(«). 
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0. Introduction 



Let 3 be a non-Abelian quadratic Lie algebra equipped with a bilinear form B. 
We can associate to {q,B) a canonical non-zero 3-form / € A^(0)^ defined by 

IiX,Y,Z) := B{[X,Y],Z), V X,Y,Z € e- 
Let {•, •} be the super-Poisson bracket on /\{q). The 3-form / satisfies (see IIPU07II ): 

{/,/} = 0. 

1^ , Conversely, given a quadratic vector space {q,B) and a non-zero 3-form / G 

O ! A^(0) such that {/,/} = 0, there is a non-Abelian quadratic Lie algebra structure 

^ ' on such that / is the canonical 3-form associated to g (" IIPU07II ). 

I^ , Let Q(«) be the set of non-Abelian quadratic Lie algebra structures on the qua- 

dratic vector space C". We identify 

and Q{n) is an affine variety in /\^(C") (Proposition 12 .8 1 ). 

The dup-number of a non-Abelian quadratic Lie algebra g is defined by 

dup(g) :=dim({aGg* | aA/ = 0}), 

where / is the 3-form associated to g. It measures the decomposability of the 3- 
form / and its range is {0, 1,3} (Proposition ll.il ). For instance, / is decomposable 
if, and only if, dup(g) = 3 and the corresponding quadratic Lie algebras are clas- 
sified in IIPU07II . up to i-isomorphism (i.e. isometric isomorphism). It is easy 
to check that the dup-number of g is invariant by i-isomorphism, that is, two i- 
isomorphic quadratic Lie algebras have the same dup-number (Lemma [2. lb . We 
shall prove in this paper, a much stronger result: 

the dup-number of Q is invariant by isomorphism. 
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To prove this result, we need to fully understand the structure of some particular 
Lie algebras. This study is interesting by itself and we shall describe it in the 
sequel. 

We say that a non-Abelian quadratic Lie algebra g is ordinary if dup(3) = 0. 
Otherwise, g is called singular. Singular quadratic Lie algebras ai^e of type Si if 
their dup-number is 1 and of type S3 if their dup-number is 3. 

For n > 1 , let (n) be the set of ordinary and S (n) be the set of singular quadratic 
Lie algebra structures on C". We prove the following Theorem (Propositions 12. 8[ 
I2.10l and Appendix 2): 

Theorem 1: 

(1) 0{n) is a Zariski-open subset ofQ.{n). 

(2) S(n) is a Zariski-closed subset ofQ{n). 

(3) Q(?i) y^® if, and only if, n>3. 

(4) 0(n) ^(dif and only ifn>6. 

As a consequence, non-Abelian quadratic Lie algebras with dimension higher 
than 6 are generically ordinary. In this work, we shall give a complete classification 
of singular quadratic Lie algebras, up to i-isomorphism and up to isomorphism. 

Let us give some details of the main results of the paper. Section [3] contains 
a prepai^atory study of quadratic Lie algebras of type Si. It allow us to describe 
solvable singular Lie algebras in terms of double extensions, a useful method in- 
troduced by V. Kac and developed in IIMR85I and IIFS87II . First, we obtain (Propo- 
sitions |43] and [ 



Theorem 2: 

(1) Any quadratic Lie algebra of type Si is solvable and it is a double exten- 
sion. 

(2) A quadratic Lie algebra is singular and solvable if, and only if, it is a 
double extension. 

What about non-solvable singular- Lie algebras? Such a Lie algebra g can be 
written as 

g = se3 

where 3 is a central ideal of g and s ~ o(3) equipped with a bilinear form Xk for 
some non-zero A € C, where K is the Killing form of o(3) (Proposition 14.41 ). 

In the remainder of the paper, we focus on the study of solvable singular Lie 
algebras. We denote by Sg {n + 2) the set of these structures on C"+^, by Sg {n + 2) 

the set of isomorphism classes of elements in §>^{n + 2) and by Sj {n + 2) the set of 
i-isomorphism classes. Also, we denote by P'(o(?i)) the projective space of o{n) 

and by P^ (o(«)) the set of orbits of elements in P^ (o(«)) under the action induced 
by the 0(?z)-adjoint action on o{n). Given C G o{n), there is an associated double 
extension g^ G Ss(" + 2). 
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In Proposition 14.51 and Corollary I4.6[ we characterize i-isomoiphisms and iso- 
morphisms. As a consequence, we prove the following result, conjectured and 
partially proved in IIFS87I (Proposition 4.10): 

Theorem 3: ^-^ 

The map C — t- g^ induces a bijection from P^ {o{n)) onto Ss {n + 2). 

Theorem 3 gives a remarkable relation between solvable singular quadratic Lie 
algebra structures on C"+^ and 0(?i)-adjoint orbits in o{n). A strong improvement 
to Theorem 3 will be given in Theorem 6. 

Next, we detail some particular cases. Let ^{n + 2) be the set of diagonaliz- 
able singular structures on C"+^ (i.e. C is a semi-simple element of o(«)) and 
!)'(« + 2) be the set of i-isomorphism classes in D(« + 2). It is clear by Theorem 
3 that I)'(?2 + 2) is in bijection with the well-known set of semi-simple 0(?i)-orbits 
in P' (o(«)) (see IICM93II for more details on this set). A description of the coitc- 
sponding Lie algebra structures is given in Proposition 15.71 Corollary 15.81 Lemma 
|5.9| and Proposition 15. Ill 

Let 3sf(n + 2) be the set of nilpotent singular structures on C"^^, J^{n + 2) be 
the set of i-isomorphism classes and J^{n + 2) be the set of isomorphism classes of 
elements in 'N{n + 2). 

In the nilpotent case, we prove (Proposition 15. 21 ): 

Theorem 4: 

(1) Let Q and q' G J^{n + 2). Then 

— 5' if> '^f^d only if, Q'^ 0'. 

ThusJ^{n + l)=yi{n + l). 

(2) Let ^{n) be the set of nilpotent 0{n)-orbits in o{n). Then the map C >-^ Q^ 
induces a bijection from jV{n) onto 'W{n + 2) = Ji{n + 2). 

(3) The set 'N(n + 2) is finite. 

The classification of nilpotent 0(?i)-orbits in o{n) is known IICM93II . It uses 
deep results by Jacobson-Morosov and Kostant on s[(2)-triples in semi-simple Lie 
algebras. Using this classification, we obtain a classification ofJf-{n + 2) = J^{n + 
2) in terms of special partitions of n and a characterization of the corresponding Lie 
algebras by means of amalgamated products of nilpotent Jordan-type Lie algebras 
(Proposition 15.51) . 

Before working on the general case, we define the notion of an invertible sin- 
gular Lie algebra (i.e. C is invertible). Let §>inv{2p + 2) be the set of such struc- 
tures on C^P^^ and §iny{2p + 2) be the set of isomorphism classes of elements 
in §inv{2p + 2). The notions of i-isomoiphism and isomorphism coincide in the 
invertible case as we show in Lemma [5^ 
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Given a solvable singulai^ Lie algebra g, realized as a double extension of C" by 
C G o(«), we consider the Fitting components C/ and Cn of C and the coiTcspond- 
ing double extensions qj = g^ and qn = 0c ^^^^ ^^ ^^^^ ^^^ Fitting components 
of g. We have Qj invertible, q^ nilpotent and we prove (Proposition 16.41 ): 

Theorem 5: 

Let g and g' be solvable singular Lie algebras and let g/y, g/, g^, g^ be their 
Fitting components. Then 

in In' 

g ~ g //, and only // < j 

The result remains valid if we replace c^by c:^ . 

Since i-isomorphism and isomorphism are equivalent notions in the case of 
nilpotent or invertible singular- Lie algebras, we deduce as an immediate Corol- 
lary: 

Theorem 6: 

Let g and g' be solvable singular Lie algebras. Then 

— fl' if> cind only if Q^ g'. 
Therefore §s(?i + 2) = §s {n + 2). 

Theorem 6 is a really interesting and unexpected property of solvable singular 
quadratic Lie algebras. 

Using Theorem 5, since the study of the nilpotent case is complete, we are left 
with the invertible case. First, we achieve the description of these structures in 
terms of amalgamated products of Jordan-type Lie algebras in Proposition 16.71 
Then, we give a classification of invertible 0(«)-orbits in o{n) (i.e. 0(?i)-orbits of 
invertible elements). Let J^(n) be the set of invertible elements in o{n) and J^{n) 
be the set of 0(«)-adjoint orbits of elements in ^{n). Notice that ^{2p + 1) = 
(Appendix 1). Next, we consider 

reW 

and the map <I> : ^ — > N defined by ^{d\ ,...,dr) = ^4=1 di- We introduce the set 
^p of all triples {A,m,d) such that: 

(1) A is a subset of C \ {0} with (jA < 2p and A e A if, and only if, -A G A. 

(2) m : A — > N* satisfies wi(A) = m{-X), for all A € A and Laga'^C'^) = 2p. 

(3) d -.K^ Q) satisfies diX) = d{-X), for all A G A and OoJ = m. 

To every C G ^{2p), we can associate an element (A,m, J) of ^p as follows: 
write C = 5 + A'^ as a sum of its semi-simple and nilpotent parts. Then A is the spec- 
trum of S, m is the multiplicity map on A and d gives the size of the Jordan blocks 
of N. Therefore, we obtain a map / : J^{2p) — > ^p and we prove (Proposition 
OOl) : 
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Theorem 7: _ 

The map i : J^(2p) -^ ^p induces a bijection from J^{2p) onto ^p. 

As a Corollary, we deduce a bijection from §inv(2p + 2) onto J^p/C* (Proposi- 
tion [63D where the action of jU G C* = C \ {0} on ^p is defined by 

IJ.-{A,m,d) := {lJ.A,m',d'), with m'(juA) = m(A) and /(/lA) = <i(A), V A G A 

Combine Theorems 5, 4 and 7 to obtain a complete classification of Ss (n) = 
Ss(«). As a by-product, we also obtain a complete classification of 0(«) -orbits 
in o{n), a result which is certainly known, but for which we have no available 
reference. 

Finally, as a consequence of the preceding results, we prove in Section 7 (Propo- 
sition |731): 

Theorem 8: 

The dup-number is invariant under isomorphism, i.e. if 

~ g' then dup(3) = dup(0'). 



This result is rather unexpected. It is obtained through a computation of centro- 
morphisms in the reduced singular case (Proposition l7.2l ). 

We also obtain the quadratic dimension of g IIBB07i in this case: 

dim(Z(g))(l+dim(Z(g)) 
dimq(g) = 1 + , 

where Z.(g) is the center of g. 

There are two Appendix. In the first one, we collect some well-known useful 
properties of elements of o(n), shorts proofs are given for the sake of completeness. 
In Appendix 2, we show that 0(5) = and describe Q(5) up to i-isomorphism. 



1. Preliminaries 

1.1. All vector spaces considered in the paper are finite-dimensional complex 
vector spaces. 

Given a vector space V , we denote by V* its dual space. Given a subset X of V , 
X -'-* denotes the orthogonal subspace of Z in V*. 

We denote by ^iV) the algebra of linear operators of V , by GL(y) the group 
ofinvertible operators in ^(V), by 'A the transpose of an operator A G ^{V) and 
by A(^) the (Z-graded) Grassmann algebra of skew-symmetric multilinear forms 
on V, i.e. A(^) is the exterior algebra of V*. Recall that given an isomorphism A 
between two vector spaces V and V', there is an algebra isomorphism from A(^') 
onto A(^) that extends the transpose 'A : V'* -^ V* and that we also denote by 'A. 
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1.2. Let / G A''(^)> for A: > 1. We introduce two subspaces of V*\ 

V, := {aeV*\aAl = 0} 

W, := {veV\ u.{I) = 0} ^* = {lMv'(/) I v,v' € V} 
where ly is the derivation of A(^) defined by: 

l,(a)(vi, . . .,Vr-l) = n(v,Vi, . . . ,V,-_i), V Q € /\'-(V),Vi, . . . ,Vr-l G V. 

The following result is well known, see for instance IIBou58l . 

Proposition 1.1. Let I e A''{V), 1^0. Then: 
(1) V/ C W/, dim(V/) < k and dim(W/) > k. 



(2) If {ai,. .. ,(Xr} is a basis of V/, then ai A-- ■ AOCr divides I. Moreover, I 
belongs to the k-th exterior power ofWj, also denoted by /\ (W/). 

(3) / is decomposable if, and only if, dim(V/) =kor dim(W/) = k. In this case, 
Vj = W/ and if {a^,. . . ,ak} is a basis of V/, one has for some non-zero 

AgC, 

/ = Aai A--- Att/t. 

1.3. A vector space V equipped with a non-degenerate symmetric bilinear form 
B is called a quadratic vector space. In this case, there is an isomorphism (p from 

V onto V* defined by 

(j){v){v'):=B{v,v'), Vv,v'gV. 

Given a subspace W of V, we denote by W^ the orthogonal subspace of W in 

V with respect to the bilinear form B. One has V =W (B W^ if, and only if, the 
restriction B|vkxW is non degenerate and in this case, we use the notation 

V = w ®W^. 

1.4. Let {y,B) and {y\B') be two quadratic vector spaces. An isometry is a 
bijective map A : V — > V' that satisfies 

B'(A(v),A(w))=B(v,w), Vv,wGK 

We denote by A* G ^(V) the adjoint map of an element A G ^(V). Remark that 
A is an isometry of V if, and only if, A^^ = A*. 

The group ofisometries of V is denoted by 0{y,B) (or simply O(V')) and its Lie 
algebra is denoted by o(y,B) (or simply oiV)). An element A of o(V) C ^iV) 
satisfies A* = —A (that means A is skew-symmetric with respect to B). Notice that 
Tr(A) = 0, for all A G oiy). The adjoint action Ad of 0(V) on oiy) is given by 

Adc/(C) := UCU-\ V [/ G 0(y),C G o(V). 

We denote by ^c^ the orbit of an element C G oiy). 

Let y = C". Consider the canonical basis ^ = {E\, . . . ,E„} of V. If n even, 
« = 2p, write =^ = {£"1,.. .,Ep,Fi,... ,Fp} and if « is odd, n = 2p + l, write =^ = 
{£"1 , . . . ,Ep,G,Fi ,... ,Fp}. The canonical bilinear form B on V is defined by: 
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ifn = 2p: 

B{Ei,Fj) = 5ij,B{EuEj) = B{Fi,Fj) =0,yi<ij<p 

if n = 2p + I: 

'B{Ei,Fj) = 5ij,B{Ei,Ej) = B{Fi,Fj) =0,yi<ij<p 
B{Ei,G)=B{Fj,G)=0, 
[B{G,G) = l 

In that case, 0{n) stands for 0{C",B) and o{n) stands for o(C",B). 
Finally, if V is an n-dimensional quadratic vector space, then V is isometrically 
isomorphic (i-isomorphic) to the quadratic space C" IIBou59ll . 

1.5. Let {V,B) be a quadratic vector space. We define the super-Poisson bracket 
on /\(y) as follows (see IIPU07I for details): fix an orthonormal basis {vi, . . . ,v„} 
ofV. Then 

7=1 
For instance, if a G V*, one has 

and if a' e V*, {a, a'} =B(0^'(a),0^^(a')). This definition does not depend on 
the choice of the basis. 

For any aeA''{V), define adp(a) by 

adp(a) {Q.') := {^,0.'}, VH' e f\{V). 

Then adp(n) is a super-derivation of degree ^ — 2 of the exterior algebra 
/\{V). One has: 

adp(^) {{D.',D."}) = {adp{Q.){Q.'),D."} + {-l)'''''{D.',adj.{D.){D.")}, 

for all a' G A*"' (V),^" ^A{V). That imphes that A(^) is a graded Lie algebra for 
the super-Poisson bracket. 

1.6. A quadratic Lie algebra {g,B) is a quadratic vector space g equipped with a 
bilinear form B and a Lie algebra structure on g such that B is invariant (that means, 
B{[X,Y],Z) = B{X, [Y,Z]), for all X,Y,Ze g). 

If (g,B) is a quadratic Lie algebra, recall that 

[0,0] = ^0)^ 
where Z{q) is the center of g. There is a canonical invariant / G A (0) defined by 

IiX,Y,Z) := Bi[X,Y],Z), V X,Y,Z € e- 
This invariant satisfies {/,/} = (see IIPU07I ) and it is easy to check that 

Wz = .^([g,g]). 
We say that / is the 3-fonn associated to g. 
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On the other hand, given a quadratic vector space {q,B) and / G A (s)' define 

[X,Y]:=(l>-'{ixAY{I)),yX,YeQ. 

This bracket satisfies the Jacobi identity if, and only if, {/,/} = HPUOTi In this 
case, g becomes a quadratic Lie algebra with invariant bilinear form B. 

Definition 1.2. Let {q,B) and {q',B') be two quadratic Lie algebras. We say that 
(g,S) and {q',B') are isometrically isomorphic (or i-isomorphic) if there exists a 
Lie algebra isomorphism A from q onto g' satisfying 

B'(A(X),A(y))=S(X,F), VX,yGg. 

In other words, A is an i-isomorphism if it is a Lie algebra isomorphism and an 

isometry. We write g ~ g'. 

Consider two quadratic Lie algebras (g,B) and {q,B') (same Lie algebra) with 
B' = XB, a € C, a ^ 0. They are not necessarily i-isomorphic, as shown by the 
example below: 

Example 1.3. Let g = o(3) and B its Killing form. Then A is a Lie algebra automor- 
phism of g if, and only if, A € 0(g). So (g,B) and (g, AS) cannot be i-isomoiphic 
if A 7^1. 

2. The dup number of a quadratic Lie algebra 

2. 1. Let g and g' be quadratic Lie algebras with associated invariants / and /' (see 
(11.61) ). The following Lemma is straightforward: 

Lemma 2.1. Let A be an i-isomorphism from g onto g'. Then I = 'A{I'), Vj = 
'A{Vj,)andWi = 'A{Wi,). 

It results from the previous Lemma that dimC^/) and dim(W/) are invariant 
under i-isomorphisms. This is not new for dim(W/), since dim("W/) = dim ([g,g]). 

For dim(V/), to our knowledge this fact was not remarked up to now, so we 
introduce the following definition: 

Definition 2.2. Let g be a quadratic Lie algebra. The dup number dup(g) is defined 
by 

dup(g) :=dim(V/). 

Remark 2.3. By Proposition ll.il when g is non-Abelian, one has dup(g) < 3. Actu- 
ally dup(g) € {0, 1,3}. Notice that dim(W/) > 3, so dim([g,g]) > 3 (see llPUOTl ). 
a simple but rather interesting remark. 

2.2. We shall use the decomposition result below: 

Proposition 2.4. IIPU07II 

Let {q,B) be a non-Abelian quadratic Lie algebra. Then there exists a central 
ideal 3 and an ideal I 7^ {0} such that: 

(1) g = 3®f 
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(2) {i,B\^xi) and ([,S|(xi) are quadratic Lie algebras. Moreover, I is non- 
Abelian. 

(3) The center 2,(1) is totally isotropic, i.e. 2,(1) C [I, I]. 

(4) Let g' be a quadratic Lie algebra and A : q^^ q' be a Lie algebra isomor- 
phism. Then 

where 3' =A{}) is central, I' =A{^)-^, 2.(1') is totally isotropic and I and 
I' are isomorphic. Moreover if A is an i-isomorphism, then I and I' are 
i-isomorphic. 

Proof. We prove (4) : recall that 3 is any complementary subspace of Z{q) n [0,0] 
in 2(0) (see IIPU07I ) and that [ is defined as the orthogonal subspace of 3, [ = 3^. 

One has A(2(0) n [0,0]) = 2(0') n [0',0'] and 2(0') = 3' (2(0') n [0',0']). 

Therefore [' satisfies 0' = 3' © \! and 2([') is totally isotropic. Since A is an iso- 
morphism from 3 onto 3', A induces an isomorphism from 0/3 onto q' /}' , and it 
results that [ and \! we. isomorphic Lie algebras. Same reasoning works for A i- 
isomorphism. D 

It is clear that 3 = {0} if, and only if, 2(0) is totally isotropic and that 

dup(0) = dup(O. 
Definition 2.5. A quadratic Lie algebra is reduced if: 

(1) 0/{O} 

(2) 2(0) is totally isotropic. 

Notice that a reduced quadratic Lie algebra is necessarily non-Abelian. 

2.3. We separate non-Abelian quadratic Lie algebras as follows: 

Definition 2.6. 

Let be a non-Abelian quadratic Lie algebra. 

(1) is an ordinary quadratic Lie algebra if dup(0) = 0. 

(2) is a singular quadratic Lie algebra if dup(0) > 1. 

(i) is a singular quadratic Lie algebra of type Si if dup(0) = 1. 
(i) is a singular quadratic Lie algebra of type S3 if dup(0) = 3. 

Now, given a non-Abelian «-dimensional quadratic Lie algebra 0, we can as- 
sume, up to i-isomorphism, that = C" equipped with its canonical bilinear form 
B (as a quadratic space) (11.41 ). So we introduce the following sets: 

Definition 2.7. For«> 1: 

(1) Q(?i) is the set of non-Abelian quadratic Lie algebra structures on C". 

(2) 0(«) is the set of ordinary quadratic Lie algebra structures on C". 

(3) S(«) is the set of singular quadratic Lie algebra structures on C". 
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By (11.61) . there is a one to one map from Q{n) onto the subset 

{ie/\\n\i^o,{i,i}=o}c/\Hn. 

In the sequel, we identify these two sets, so that Q(«) C /\^{C"). 

Proposition 2.8. One has: 

(1) Q{n) is an affine variety in /\ (C"). 

(2) 0{n) is a Zariski-open subset ofQ{n). 

(3) §>{n) is a Zariski-closed subset ofQ.{n). 

Proof. The map / i-> {/,/} is a polynomial map from /\^(C") into /\^(C"), so the 
first claim follows. 

Fix / G A^(C") such that {/,/} = 0. Consider the map m : (C")* ^ A\C") 
defined by m(a) = a Al, for all a € (C")*. Then, if g is the quadratic Lie algebra 
associated to /, one has dup(g) = if, and only if, rank(m) = n. This can never 
happen for n < 4. Assume « > 5. Let M be a matrix of m and A,- be the minors 
of order n, for 1 < / < (4) . Then g G 0(«) if, and only if, there exists / such that 
A, 7^ 0. But A, is a polynomial function and from that the second and the third 
claims follow. D 

± 
Lemma 2.9. Let gi and g2 be non-Abelian quadratic Lie algebras. Then gi © g2 

is an ordinary quadratic Lie algebra. 

Proof. Set g = gi © Q2- Denote by /, /i and h the non-trivial 3-forms associated 
to g, gi and Q2 respectively. 

Onehas A(0) = A(0i)«'A(02), A^'lo) = ©r+.v=;cA'"(0i)® A'(02) and/ = /i +/2, 
with I\ e A''(0i) and h £ A^(02)- It immediately results that for a = tti + a2 G 
01 © 02> one has a A / = if, and only if, tti = a2 = 0. D 

Proposition 2.10. One has: 

(1) Q{n) ^®if and only if n>3. 

(2) O3 = O4 = and 0{n) ^%ifn>6. 

Proof. If g is a non-Abelian quadratic Lie algebra, using Remark 12.31 one has 
dim([g,g]) > 3, so Q(n) =0if«<3. 

We shall now use some elementary quadratic Lie algebras given in Section 6 
of IIPU07i We denote these algebras by g,-, according to their dimension, so that 
dim(g;) = /, for 3 < / < 6. Note that gs = o(3), g4, gj and ge are examples of 
elements of Q(3), Q(4), Q(5) and Q(6), respectively. 

Consider 

/:, times 
_L ' " ^ 

0:= (0;© ■•• ©00- 

3<K6 

Then dim(g) = ^^^3 iki and by Lemma |2!9l dup(g) = 0, so we obtain 0{n) 7^ if 
n>6. 
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Finally, let g be a non-Abelian quadratic Lie algebra of dimension 3 or 4 with 
associated 3-form /. Then / is decomposable, so g is singular. Therefore O3 = 

04 = 0- 

D 

Remark 2.11. We shall prove in Appendix 2 that O5 = 0. So, generically a non- 
Abelian quadratic Lie algebra is ordinary if n > 6. 

Definition 2.12. A quadratic Lie algebra g is indecomposable if g = gi ® Q2, with 
gi and Q2 ideals of g, imply gi or g2 = {0}. 

The Proposition below gives another characterization of reduced singular qua- 
dratic Lie algebras. 

Proposition 2.13. Let Qbe a singular quadratic Lie algebra. Then g is reduced if, 
and only if, g is indecomposable. 



Proof. If g is indecomposable, by Proposition l2.4[ g is reduced. If g is reduced and 

g = gi © 92, with gi and Q2 ideals of g, then Z.(g,) C [g,-,g,] for / = 1,2. So g,- is 
reduced or g, = {0}. But if gi and Q2 are both reduced, by Lemma fL9[ one has 
dup(g) = 0. Hence gi or Q2 = {0}. □ 

3. Quadratic Lie algebras of type Si 

3.1. Let (g,S) be a quadratic vector space and / be a non-zero 3-form in /\' (g). 
As in (11.61 ). we define a Lie bracket on g by: 

[X,Y]:=r\lXA¥{I)),yX,Ye9. 

Then g becomes a quadratic Lie algebra with an invariant bilinear form B if, and 
onlvif. i/./l = llFU07l . 

In the sequel, we assume that dim(V/) = 1. Fix a G V/ and choose Q. G A^(0) 
such that / = a A n as follows: let {«,«!,..., a,} be a basis of W/. Then, / G 
A''(W/) by Proposition O We set: 

Xo := ^"^(a) andX; := (j)^\ai), 1 < / < r. 

So, we can choose H G A (^) where V = spanjXi, . . . ,X,-}. Note that Q. is an 
indecomposable bilinear form, so dim(V) > 3. 
We define C : g — )■ g by 

B{C{X),Y):=a{X,Y). 

Therefore C is skew-symmetric with respect to B. 

Lemma 3.1. The following are equivalent: 

(1) {/,/}= 

(2) {a,a} = and {a,£l} =0 

(3) B(Xo,Xo) = and C{Xo) = 

In this case, one has dim([g,g]) > 4, 2,(g) C ker(C), Im(C) C [g,g] and Xo G 
Z(g)n[g,g]. 
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Proof. It is easy to see that: 

{I,I} = 0^{a,a}^Q.^Q. = 2I^{a,Q.}. 

If il A n = 0, then D. is decomposable and that is a contradiction since dim(V/) = 1 . 
SoHAn/O. 

If {a, a} / 0, then a divides Q.f\Q.^/\^{y), another contradiction. That im- 
plies {a, a} = = B{Xq,Xo). It results that {a,Q.} G V/ = Ca, hence {a,Q.} = 
Xa for some A € C. But {a,Q.} is an element of t\(V), so X must be zero and 
by (I1.5I ). ixo(^) = 0, therefore C{Xq) = 0. Moreover, since {a, a} = {a,n} = 
0, using I = a f\Q., we deduce that {a,/} = 0. Again by (11.51 ). it results that 
B(Xo,[X,F]) = {a,/}(XAF) = 0, forallX, FSB. SoXqG [0,g]-^ = 2,(s). Also, 
V/ c W/, soXo = r\a) € (^-^W/) = [0,g]. 

Write n = J^i^jUijai A a^, with a,-^ G C Since W/ = ^([g,^]) and Xi, . . . ,Xr G 
[0)0]> we deduce that 

C = £ aijiai ® Xy - ay X,-) 

Hence Im(C) C [0,0]. Since C is skew-symmetric, one has ker(C) = Im(C)^ and 
it follows 2,(0) = [0,0]-^ c ker(C). 

Finally, [0,0] = CXoffiV and since dim(V) > 3, we conclude that dim ([0,0]) > 
4. D 

Remark 3.2. It is important to notice that our choice of D. such that / = a A ^ is 
not unique, it depends on the choice of V, so C is not uniquely defined. Assume 
we consider another vector space V' and / = a A H'. Then D.' = D. + a Aj5 for 
some j8 G 0*. Let Xi = 0^'(j3) and let C' be the map associated to Q.'. By a 
straightforward computation, C' = C + a(g)Xi— j8 (EiXq. Since C'(Xo) = 0, we 
must have B(Xo,Xi) = 0. 

3.2. We keep the notation as in the previous subsection. Assume that {/,/} = 0. 
Hence is a quadratic Lie algebra of type S 1 . 

Lemma 3.3. There exists Yq G V^ such that 

V^ = Z{e)(BCYo, B{Yo,Yo)=0 and 5(Xo,Fo) = L 
Moreover 

C(7o)=0. 

Proof. One has 0-^ (W/) = [0,0] = CXo®V , therefore 2,(0) C V^ and dim(2,(0)) = 
dim(0) - dim([0,0]) = d\m(V^) - 1. So there exists Y eV^ such that V^ = 
2,(0) © CF. Now, Y cannot be orthogonal to Xq, since it would be orthogonal 
to [0,0] and therefore an element of 2(0). So we can assume that B{Xq,Y) = 1. 

Replace F by Fo = F - -B(F,F)Xo to obtain B(Fo,Fo) = (recall B(Xo,Xo) = 0). 

By LemmaEH Im(C) C V and that implies S(Fo,C(X)) = -5(C(Fo),X) = 0, 
for all X G 0. Then C(Fo) =0. D 

Proposition 3.4. We keep the previous notation and assumptions. Then: 

(1) [X,F] =S(Xo,X)C(F)-S(Xo,F)C(X)+S(C(X),F)Xo,/ora//X, FG0. 
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(2) C = ad(}o) and rank(C) is even. 

(3) ker(C) = Z(g) eCFo. Im(C) = V and [0,0] = CXoelm(C). 

(4) the Lie algebra is solvable. Moreover, is nilpotent if, and only if, C is 
nilpotent. 

(5) the dimension of [0,0] is greater or equal to 5 and it is odd. 

Proof. 

(1) This is a straightforward computation, useB([X,y],Z) = {a ^Q.){XJ,Z), 
a{X)=B{XQ,X) and D.{X,Y) = B{C{X),Y), for allX,Y,Z £ 5. 

(2) Set X = Yq in (1) and use Lemma [33] to show C = ad(Fo)- Since C{q) = 
ad(}o)(0) = <p^^ (^d(0)(0(}o))). the rank of C is the dimension of the 
coadjoint orbit through <p{Yo), so it is even (see also Appendix 1). 

(3) We may assume that is reduced. Then 2,(0) is totally isotropic and 
2.(0) C Xq^. Write X^^ = Z{q) © f) with f) a complementary subspace of 
2,(0). Therefore = Z{q) © f) ©CFq and for an element X = Z+// + AFq G 
ker(C), we deduce H G ker(C) by Lemmas |3 . 1 1 and [331 

But B{Xo,H) = 0, so using (1), H G Z{q). It results that H = 0. Then 
ker(C) = 2(0) © CFo- In addition, 

dim(Im(C)) = dim(f)) = dim(Zo^) -dim(2(0)) = dim([0,0]) - 1. 

Our choice of y implies that [0,0] = 0-'(W/) = CXq© V and Im(C) C 
V (see the proof of Lemma[3T|l- Therefore Im(C) = V and [0, 0] = CXq © 
Im(C). 

(4) Since B(Xo,Im(C)) = 0, then [[0,0], [0,0]] = [Im(C),Im(C)] C CXq. We 
conclude that is solvable. If is nilpotent, then C = ad(Fo) is nilpo- 
tent. If C is nilpotent, using Im(C) C Xq-, we obtain by induction that 
(ad(X))''(0) C CXo©Im(C'^) for any keN.So ad(X) is nilpotent, for all 
X G and that implies nilpotent. 

(5) Notice that [0,0] =CXo©Im(C) andrank(C) is even, sodim([0,0]) is odd. 
By([IB,dim([0,0])>5. 

n 

3.3. Recall that C is not unique (see Remark [331 ) and it depends on the choice of 
V. Let 

a:=X(f/CXo. 
We denote by X the class of an element X G 0. 

Proposition 3.5. 

Keep the notation above. One has: 

(1) the Lie algebra a is Abelian. 

(2) Define 

B(X,F):=B(X,y), VX,yG0. 
Then B is a non degenerate symmetric bilinear form on 0. 
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(3) Define 

C{X):=C{X), VXG0. 

Then C € ^(a) is a skew-symmetric map with rank(C) = rank(C) even and 
rank(C) > 4. 

(4) C does not depend on the choice ofV. More precisely, ifWj = Coc © (/) (V') 
and C' is the associated map to V' (see Remark \3?2\ , then C = C. 

(5) the Lie algebra g is reduced if, and only if, ker(C) C Im(C). 

Proof. 

(1) It follows from Proposition [33] (1). 

(2) It is clear that B is well-defined. Now, since B{Xq,Yq) = 1, B{Xq,Xq) = 

B{Yq,Yq) = 0, the restriction of B to span{Xo,7o} is non degenerate. So 

± 
= span{Xo,Fo} © span{Zo,7o} , 

X^ = CXo © span{Xo,7o}^ and X^^ = X^ n spanj^o.^o} = CXq. We 
conclude that B is non degenerate. 

(3) We have C{X^) = ad(Fo)(V) ^ V since X^ is an ideal of g. More- 
over, C{Xq) = 0, so C is well-defined. The image of C is contained in 
X^ and Im(C) nCXo = {0}, therefore dim(Im(C)/CXo) = dim(Im(C)) = 
dim(Im(C)). Now it is enough to apply Proposition 13.41 

(4) By RemarkO we have C' = C + a©Xi-j3 ®Xq. But a(Xo) = 0, so 
C = C. 

(5) By Proposition I3.4[ we have ker(C) = 2,(g) © CYq and by Lemma [XT] we 
have Z(g) C X^. Again by Proposition 13. 4[ we conclude that ker(C) = 
2.(g)/CXo. Applying Proposition l3.4l once more, we have [g,g] = CXq© 
Im(C), so Im(C) = [g,g]/CXo. Then ker(C) C Im(C) if, and only if, 
Z-lfl) C [g,g] +CXo. But Xq e [g,g] (see Lemma ISTTl ). so the result fol- 
lows. 

D 



We should notice that C still depends on the choice of a (see Remai'k l33 : if 

we replace a by Xa, for a non-zero A e C, that will change C into -r-C. So there 

is not a unique map C associated to g but rather a family {AC | A G C \ {0}} of 
associated maps. In other words, there is a line 

[C]:={AC|AGC}GP^(o(a)) 
where P^(o(a)) is the projective space associated to the space o(a). 

Definition 3.6. We call [C] the line of skew-symmetric maps associated to the qua- 
dratic Lie algebra g of type Si. 

Remark ^1.1. The unicity of [C] is valuable, but the fact that C acts on a quotient 
space and not on a subspace of g could be a problem. Hence it is convenient to 
use the following decomposition of g: the restriction of B to CXq © CFq is non 
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degenerate, so we can write g = (CXq © CYq) © q where q = (CXq © CFq) ■ Since 
C(Xo) = C(7o) = and C G 0(0), C maps q into q. Let 7i : X^ ^ X^/CXq be 
the canonical surjection and C = C|q. Then the restriction TTq : q ^- X^^/CXq is an 
isometry and C = Tlq C n„^ . 

Remark that Yq is not unique, but if Fq satisfies Lemma [331 consider C' = ad(FQ) 

and q' such that g = (CXq ffi CYq) © q', therefore C = 71^ C 71^"^ with the obvious 
notation. It results that n''^ ^ Tiq is an isometry from q to q' and that 

We shall develop this aspect in the next Section. 

4. Solvable singular quadratic Lie algebras and double 

extensions 

4.1. Double extensions are a very effective method initiated by V. Kac to con- 
struct quadratic Lie algebras (see l|Kac85[|FS871IMR85l ). Here, we only need a 
particulai- case that we shall recall: 

Definition 4.1. 

(1) Let (q,Bq) be a quadratic vector space and C : q — > q be a skew-symmetric 
map. Let (i = span{Xi,yi},St) be a 2-dimensional quadratic vector space 
with Bi defined by 

5t(Xi,Xi) =St(i'i,Fi) =0, Bt(Xi,Fi) = 1. 

Consider 

g = q©i 
equipped with a bilinear form B := B^+Bt and define a bracket on g by 

[X + XXi+^Yi,Y + X'Xi+n'Yi]:=^C{Y)-^'C{X)+B{C{X),Y)Xu 

for all X,Y € q,A,/i,A',jLt' G C. Then (g,B) is a quadratic solvable Lie 
algebra. We say that g is the double extension of q by C. 

(2) Let g,- be double extensions of quadratic vector spaces {c{i,Bi) by skew- 
symmetric maps C; G ^{c\i), for I <i <k. The amalgamated product 

g = gi X g2 X ... X g^. 

a a a 

is defined as follows: 

• consider (q , S) be the quadratic vector space with q = q 1 © qi © • ■ • © q/t 
and the bihnear form B such that B{ZLjXi,ZLjYi) = l!l=iBi{Xi,Yi), 
forX;,F;Gq;, 1 </<L 

• the skew-symmetric map C G -S?(q) is defined by CiJJi^jXi) = 
lf=/C,(X,),forX,Gq,-, 1</<L 

Then g is the double extension of q by C. 
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In this Section, we will show that double extensions are highly related to singular 
quadratic Lie algebras. Amalgamated products will be used in Sections 5 and 6 to 
decompose double extensions. 

We notice that if gi ~ q\ and 02 — 02' ^^ "^^y happen that 0i x 02 and 0j x 02 are 

a a 

not even isomorphic. So, amalgamated products have a bad behavior with respect 
to i-isomorphisms. An example will be given in Section 5, Remai'k [5.12[ 

Lemma 4.2. We keep the notation above. 

(1) Let be the double extension ofq by C. Then 

[x,y]=B(Xi,x)c(y)-s(Xi,F)c(x)+s(c(x),y)Xi, vx,FG0, 

where C = ad(Fi). Moreover, Xi € 2.(0) and C|q = C. 

(2) Let q' be the double extension ofc\ by C = XC, A € C, A 7^ 0. Then q and 
0' are i-isomorphic. 

Proof. 

(1) This is a straightforward computation. 

(2) Write = q © t = 0'. Denote by [•,•]' the Lie bracket on 0'. Define A : ^' 
0'byA(Xi) = AXi,A(yi) = jYi andAj^ = Idq. ThenA([Fi,X]) =C(X) = 

[A(Fi),A(X)]' andA([X,F]) = [A(X),A(F)]', for allX,F € q. So A is an 
i-isomorphism. 

D 

4.2. A natural consequence of formulas in Lemma 1421 and Proposition 13 .4I ( 1) is 
given by the Proposition below: 

Proposition 4.3. 

(1) Consider the notation in Section \3\ Remark \3. 71 Let g be quadratic Lie 
algebra of type Si (that is, dup(0) = I). Then q is the double extension of 

q = (CXo©CFo)^ Zpy C = ad(Fo)|q. 

(2) Let {q,B) be a quadratic Lie algebra. Let q' be a double extension of a 
quadratic vector space (q' ,B') by a map C. Let A be an i-isomorphism of 
0' onto and write q = A (q'). Tlien is a double extension 0/ (q , B | q x q ) by 
the map C = AC A where A = A\^i. 

(3) Let be the double extension of a quadratic vector space qby a map C 7^ 0. 
Then is a singular solvable quadratic Lie algebra. Moreover: 

(a) is of type S3 if, and only if, rank(C) = 2. 

(b) is of type S\ if, and only if, rank(C) > 4. 

(c) is reduced if, and only if, ker(C) C Im(C). 

(d) is nilpotent if, and only if, C is nilpotent. 

Proof. 
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(1) Let b = CXo © CFo- Then S|(,xb is non degenerate and g = b © q. Since 
ad(io)(b) C b and ad(}o) is skew-symmetric, we have ad(yo)(q) C q. By 
Proposition 13.41 (1). we have 

[X,X']=S(C(X),r)Xo, VX,X'Gq. 

Set Xi := Xq and Fi := Fq to obtain the result. 

(2) Write g' = (CX( © CF/) © q'. Let Xj = A(X() and Fj = A{Yl). Then g = 

(CXi©CFi)ffiqand 

[Fi,X] = {AC'A-^){X), VX G q, and 

[X,F] =S((ACA-')(X),F)X;, VX,F G q. 
and this proves the result. 

(3) Let g = (CXj ©CFi) © q, C = ad(Fi), a = 0(Xi), a(X,F) =S(C(X),F), 
for all X, F G g and / be the 3 -form associated to g. Then the formula 
for the Lie bracket in Lemma l4!2l l) can be translated as / = a A H, hence 
dup(g) > 1 and g is singular. 

Let Wahe the set Wq = {lx{^),X G g}. Then Wq = 0(Im(C)). There- 
fore rank(C) > 2 by Proposition 11.11 and Q. is decomposable if, and only if, 
rank(C) = 2. 

If rank(C) > 2, then g is of type Si and by Proposition 13.51 we have 
rank(C) > 4. 

Finally, Z(g) = CXi ©ker(C) and [q,q] = CXi ©Im(C), so g is reduced 
if, and only if, ker(C) C Im(C). 

The proof of the last claim is exactly the same as in Proposition 13.41 (4). 

D 

4.3. A complete classification (up to i-isomorphism) of quadratic Lie algebras of 
type S3 is given in IIPU07II . We shall recall the characterization of these algebras 
here: 

Proposition 4.4. Let gbea quadratic Lie algebra of type S3. Then g is i-isomorphic 

to an algebra \ © 3 where 3 is a central ideal of Q and \ is one of the following al- 
gebras: 

(1) g3(A) = 0(3) equipped with the bilinear form B = Xk where K is the 
Killing form and A G C, A 7^ 0. 

(2) g4, a 4-dimensional Lie algebra: consider q = C", {£"1 , Ej } its canonical 
basis and the bilinear form B defined by B{Ei,Ei) = B{E2,E2) = and 
B{Ei,E2) = 1. Then Q4 is the double extension ofq by the skew-symmetric 
map 

^ [0 -1 
Moreover, Q4 is solvable, but it is not nilpotent 



18 DUONG MINH THANH, GEORGES PINCZON, ROSANE USHIROBIRA 

(3) 05, a 5 -dimensional Lie algebra: consider q = C^, {E\,E2,Et,} its canon- 
ical basis and the bilinear form B defined by B[E\,E\) = B{E2,E2) = 
B{E\,E2) = B{E2,Et,) = and B{Ei,Et,) = B(E2,E2) = 1. Then q^ is the 
double extension of q by the skew-symmetric map 



C 



Moreover, gj is nilpotent. 

(4) 06, a 6-dimensional Lie algebra: consider q = C*, {£'i,£'2,£'3,£'4} its 
canonical basis and the bilinear form B defined byB[E\,Ei,)=B (£"2 , £"4 ) = 
1 and B{Ei,Ej) = otherwise. Then gg is the double extension ofq by the 
skew-symmetric map 






1 











-1 
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1 0\ 














\^ 


-1 0/ 



Moreover, gg is nilpotent. 

All solvable quadratic Lie algebras of type S3 are double extensions of a qua- 
dratic vector space by a skew-symmetric map. 

4.4. Let (q,S) be a quadratic vector space. We recall that 0(q) is the group of 
orthogonal maps and o(q) is its Lie algebra, i.e. the Lie algebra of skew-symmetric 
maps. Recall that the adjoint action is the action of 0(q) on o(q) by conjugation. 

Proposition 4.5. Let {(\,B) be a quadratic vector space. Let g = (CXi ©CFi) © q 

and g' = {CX[ © CF/) Q) c\ be double extensions of q, by skew-symmetric maps C 
and C respectively. Then: 

(1) there exists a Lie algebra isomorphism between g and g' if, and only if, 
there exists an invertible map P G -2'(q) and a non-zero A € C such that 
C = X PCP ^ and P*PC = C, where P* is the adjoint map ofP with respect 
toB. 

(2) there exists an i-isomorphism between g and g' if, and only if, C is in the 
0{(\)-adjoint orbit through XCfor some non-zero A € C 

Proof. 

(1) Let A : g — > g' be a Lie algebra isomorphism. We know by Proposition 
14.31 that g and g' are singular. Assume that g is of type S3. Then 3 = 
dim([g,g]) = dim([g',g']). So g' is also of type S3 dlPUOTl ). Therefore, g 
and g' are either both of type Si or both of type S3. Let us study these two 
cases, 
(i) First, assume that g and g' are both of type S 1 . We start by proving 
that A(CXi © q) = <CX[ © q. If this is not the case, there is X e q such 
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that A(X) = pX[ + yY{ + Y with F G q and 7 7^ 0. Then 

[A{X),CX[(Bq]' = rC{q) + [Y,q]'. 

Since q' is of type Si, we have rank(C ) > 4 (see Proposition 14.3b 
and it follows that dim([A(X),CXi'©q]') > 4. On the other hand, 
[A{X),CX{ © q]' is contained in A([X,0]) and dim([X,0]) < 2, so we 
obtain a contradiction. 

Next, we prove that A(Xi) G CX{. Since Xi G [0,0], then there exists 
X, y G q such thatXi = [X,7]. ThenA(Xi) = [A{X),A{Y)]' G [CX(© 
q, CX[ © q]' = CX[. Hence A(Xi ) = jj.X[ for some non-zero ^u G C. 
Now, write A It, = P+ j8 (g)X( with P : q ^ q and /3 G q*. If X G ker(P), 

thenA ( X j8(X)Xi | = 0, so X = and therefore, P is invertible. 

For allX, 7 G q, we have A([X,F]) = nB{C{X),Y)X[. Also, 
A{[X,Y]) = [P(X)+/3(X)x;,P(F) + /3(y)x;]' 

= B(c'P(x),p(y))Xi'. 

So it results that P*C'P = /iC. 

Moreover, A([yi,X]) =P(C(X)+j3(C(X))X|, for allX G q. LetA(yi) = 
YYI + Y + 5X[, with F G q. Therefore 

A([yi,X]) = YCPiX)+BiCiY),P{X))X[ 

and we conclude that PCP^ = yC and since P*C'P = ixC, then 
P*PC = YUC. 



1 



Set Q = -P. It follows that QCQ ' = yC and Q*QC = C. This 

{IXy)-2 
finishes the proof in the case and 0' of type Si. 
(ii) We proceed to the case when and 0' of type S3: the proof is a 
straightforward case-by-case verification. By Proposition 12.41 we can 
assume that and 0' are reduced. Then dim(q) = 2,3 or 4 by Propo- 
sition 113] 

Recall that is nilpotent if, and only if, C is nilpotent (see Proposition 
14.31 (3)). The same is valid for 0'. 

If dim(q) = 2, then is not nilpotent, so C is not nilpotent, Tr(C) = 
and C must be semi-simple. Therefore we can find a basis {ei , ei} of 
q such that 6(^1,^2) = 1, B{ei,ei) = £(^2,^2) = and the matrix of 

C is I ^T ] . The same holds for C: there exists a basis {e'j ,^2} 

of q such that B{e[,e2) = 1 and B{e[,eiy = B{e'^,e'^) = such that 

— f a' \ — ' u'— 

the matrix of C is \1 / . It results that C and — C are Ofql- 

conjugate and we are done. 

If dim(q) = 3 or 4, then and 0' are nilpotent. We use the classifica- 
tion of nilpotent orbits given for instance in IICM93II : there is only one 
orbit in dimension 3 or 4, so C and C are conjugate by 0(q). 
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This finishes the proof of the necessary condition. To prove the suffi- 
ciency, we replace C by XPCP^ to obtain P*C'P = XC. Then we define 

A : ^ 0' by A(Xi) = AX(, A(Fi) = \y[ and A(X) = P(X), for all X G q. 
By a direct computation, we have for all X and F € q: 

A([X,F]) = [A(X),A(y)]' and A([Fi,X]) = [A(yi),A(X)]', 

so A is a Lie algebra isomorphism between g and g'. 

(2) If g and g' are i-isomorphic, then the isomorphism A in the proof of (1) is 
an isometry. Hence P G 0(q) and P*C'P = jjlC gives the result. 

Conversely, define A as above (sufficiency of (1)). Then A is an isometry 
and it is easy to check that A is an i-isomorphism. 

D 

Corollary 4.6. Let (g,fi) and {g',B') be double extensions of (q,B) and {c\',B') 
respectively, where B = B|qxq and B' = B'\^y^^. Write g = {jCX\ ©CTi) © q and 

g' = (CX;©Cy;)©q'. Then: 

(1) there exists an i-isomorphism between g and g' if, and only if, there exists 
an isometry A : q — )■ q' such that C =X AC A , for some non-zero A G C 

(2) there exists a Lie algebra isomorphism between g and g' if, and only if, 
there exist invertible maps Q'. c\^ c\' and P G -Sf (q) such that 

(i) C = ?i Q C Q for some non-zero A G C, 
(ii) TPC = Cand 
(iii) Q P is an isometry from q onto q'. 

Proof. 

(1) We can assume that dim(g) = dim(g'). Define a map F : g' — )• g hy F{X[) = 
X\, F{Y[) = Y\ and F =F\^t is an isometry from q' onto q. Then define a 
new Lie bracket on g by 

[X,Yr=F{[F-\^):p-\y)]') , VX,y G g. 

Denote by (g", [•,•]") this new Lie algebra. So F is an i-isomoiphism from 
g' onto g". 

± — // 

Moreover g" = {CX\ © CFi ) © q is the double extension of q by C with 

C = F C F . Then g and g' are i-isomorphic if, and only if, g and g" are 
i-isomorphism. Applying Proposition 14.51 this is the case if, and only if, 

there exists A G ( 
A. That implies 



there exists A G 0(q) such that C' =X AC A for some non-zero complex 



c' = A(f"'a)c(f"U)-i 



and proves (1). 
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(2) We keep the notation in (1). We have that g and q' are isomorphic if, and 
only if, and g" ai^e isomoiphic. Applying Proposition 14.51 g and g" are 
isomorphic if, and only if, there exists an invertible map P € ^(q) and a 
non-zero A € C such that C = X PC P and P PC = C and we conclude 
that C' = XQCQ^^ with Q = F^^P. Finally, F"' = 2 P"' is an isometry 
from q to q'. 

On the other hand, if c' = XQC Q^ and P* PC = C with P = FQ 
for some isometry F : q' ^> q, then construct g" as in (1). We deduce 
C" = A ? C P"^ and P* P C = C. So, by Proposition |431 g and g" are 
isomorphic and therefore, g and g' are isomorphic. 



D 

Remark 4.7. Let g be a solvable singular quadratic Lie algebra. Consider g as a 
double extension of two quadratic vectors spaces q and q': 

g = (CXi eCFi) e q and g = (CX; ©CF/) © q'. 

Let C = ad(Fi)|q and C = ad(y/)|q' Since Idg is obviously an i-isomorphism, there 
exists an isometry A : q ^^ q' and a non-zero A G C such that 

C' = XACA^\ 

Remark 4.S. A weak form of Corollary 1431 (1) was stated in IIFS87II . in the case of i- 
isomorphisms satisfying some (dispensable) conditions. So (1) is an improvement. 
To our knowledge, (2) is completely new. Corollary 14.61 and Remark 14.71 can be 
applied directly to solvable singular Lie algebras: by Propositions I4.3l and l4.4[ they 
are double extensions of quadratic vector spaces by skew-symmetric maps. 

4.5. We shall now classify solvable singular Lie algebra structures on C"+^ up to 
i-isomorphism in terms of 0(?i)-orbits in P' (o(«))- We need the Lemma below: 

Lemma 4.9. Let V be a quadratic vector space such that V = (CXi ©CFi) © q' 
with Xi, Yi isotropic elements and B{Xi^Y\) = 1. Let q be a solvable singular 
quadratic Lie algebra with dim(g) = dim(V). Then, there exists a skew-symmetric 
map C '. c( ^ q' such that V considered as the the double extension of q' by C is 
i-isomorphic to g. 

Proof. By Propositions 14.31 and |4.4[ g is a double extension. Let us write g = 

(CXo_© CFo) © q and C = ad(Fo)|q. Define A:q^V by A(Xo) = XuA{Yq) = Fi 
and A = A|q any isometry from q — ;• q'. It is clear that A is an isometry from g to 
V . Now, define the Lie bracket on V by: 

[X,F] =A{[A-\X),A-\Y)]), VX,F€K 

Then V is a quadratic Lie algebra, that is i-isomoiphic to g, by definition. More- 
over, V is obviously a double extension of q' by C = A C A . D 
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We can now apply our results to the classification (up to i-isomorphism) of solv- 
able elements of S(?i + 2) (the set of singular- Lie algebras structures on C"+^), for 
n >2. We denote by Ss('^ + 2) the set of solvable elements of S(?i + 2). Given 

€ §>{n + 2), we denote by [gji its i-isomorphism class and by Sg {n + 2) the set 
of classes. For [C] € F^{o{n)), we denote by Or^i its 0(«)-adjoint orbit and by 

Pi {o{n)) the set of orbits. 

Proposition 4.10. There exists a bijection 6 : P' {o{n)) ^ Sg (n + 2). 

Proof. We consider Org € P'(o(n)). There is a double extension g of 

q = span{£2, • • • ,£,i+i} by C reahzed on C"+^ = {CEi ffi CEn+i) © q. Then, by 
Corollary I4.6[ g G Ss('^ + 2) and [g]i does not depend on the choice of C. We define 
0(Org) = [g]i. If g' G Ss(« + 2) then by Lemma [431 g' can be realized (up to i- 

isomorphism) as a double extension on C"+^ = (C^i © C£'„+2) © q. So is onto. 
Finally, 6 is one-to-one by Corollary 14.61 D 

5. NiLPOTENT AND DIAGONALIZABLE CASES 

5.1. Let us denote by >J"(« + 2) the set of nilpotent elements of S(« + 2), for 
n> I. Given g G 3sf(n + 2), we denote by [g] its isomorphism class and by [g]i its 
i-isomorphism class. The set 'N{n + 2) is the set of all isomorphism classes and 
J^{n + 2) is the set of all i-isomorphism classes of elements in J^{n + 2). 

Let jV{n) be the set of non-zero nilpotent elements of o(«). Given C G ^{n), 
we denote by ^^ its 0(?i)-adjoint orbit. The set of nilpotent orbits is denoted by 






Lemma 5.1. Let C and C ^jV{n). Then C is conjugate to XC modulo 0{n) for 
some non-zero X £C if and only if C is conjugate to C . 

Proof. It is enough to show that C and AC are conjugate, for any non-zero A G C 
By ||CM93i . there exists a sl(2)-triple {X,H,C} in o(«) such that [H,C] = 2C, so 
g/ad(//)^q = e^'C, Vf G C. We choose t such that e^' = A, then e'"Ce-'" = XC 
and e^ G 0(«). D 

Proposition 5.2. One has: 

(1) Let g and g' G 3sf(?i + 2). Then g and g' are isomorphic if and only if they 
are i-isomorphic, so [g]i = [g] and J^ {n + 2) = J^{n + 2). 

(2) There is a bijection z : ,jV{n) — > ^(n + 2). 

(3) l^{n + 2) is finite. 

Proof. 

(1) Using Lemma [431 Proposition I4.3f 3) and Corollary 14.61 it is enough to 
show that for C and C G ^{n + 2), if there exists P G GL(?i) such that 
C = XPCP ^ , for some non-zero A G C, then C and C are conjugate under 



A NEW INVARIANT OF QUADRATIC LIE ALGEBRAS 23 

0{n). By Lemma lSH. we can assume that A = 1, and then the result is well 
known (see e.g. IICM93II ). 

(2) As in the proof of Proposition 14. 10[ for a given iff-^ G ^{n), we construct 
the double extension g of q = span{£'2, . . . i^n+i} by C realized on C"+^. 
Then, by Proposition 14.31 (3). g G 3sf(« + 2) and [g] does not depend on the 
choice of C. We define t(O^) = [g]. Then by (1) and Corollary 14.61 T is 
one-to-one and onto. ^^ 

(3) >!(« + 2) is finite since the set of nilpotent orbits ^{n) is finite (see e.g. 
EmU). 

D 

Definition 5.3. Let p £N\ {0}. We denote the Jordan block of size phy Ji := (0) 
and for p>2, 





/O 1 


... 0\ 




1 


... 


Jp:= 








... 


1 




i^O 


... o) 



Next, we define nilpotent Jordan-type Lie algebras. There are two types: 

• fox p> 2, we consider q = C^'' equipped with its canonical bilinear form 
B and the map C2„ with matrix 

Jp 

-'Jp 

in the canonical basis. Then C2p G o{2p) and we denote by )2p the double 
extension of q by C^^. So ]2p G yi{2p + 2). 

for /? > 1, we consider q = C^''+^ equipped with its canonical bilinear form 
B and the map C2p^i with matrix 

Jp+\ M 
-'Jp 

in the canonical basis, where M = (m,y) denotes the {p + \) x /^-matrix 
with rrip^i^p = — 1 and m,j = otherwise. Then C2p+[ ^ o{2p+ 1) and we 
denote by }2p+i the double extension of q by C2p+i. So J2p+i G y^{2p + 3). 

Lie algebras }2p or J2p+i will be called nilpotent Jordan-type Lie algebras. 

Let n G N, n 7^ 0. We consider partitions [d] := {d\,..., dr) of « of a special type: 

• each even dt must occur with even multiplicity. 

• [d] can be written as {pi,pi,p2,P2,---,Pk,Pk,2qi + l,...2g^ + 1) with all 
Pi even, pi > P2> ■■■ > Pkandqi>q2> ■■■ >q£. 
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We denote by ^'{n) the set of partitions satisfying the above conditions. To ev- 
ery [d] € ^'{n), we associate a map C^^/] € o(«): write 
[d] = {pi,pi,p2,P2,- ■ ■ ,Pk,Pk,2qi + l,...2q( + l). Then C^^] is the map with ma- 
trix 

diag2^+£ {C2pi ) C2p2 ' • • • ' ^2pk ' ^2qi + l i • • • > Q^f +1 ) • 

in the canonical basis of C". 

Moreover, we denote by gj^j the double extension of C" by C[f/]. Then g^^/] G 
?\f(« + 2) and gj^] is an amalgamated product of nilpotent Jordan-type Lie algebras, 
more precisely, 

Q[d] =hpi X hp2 X ••• X hpk X hcii+\ x ... x J2<,f+i. 

a a a a a a 

The following fundamental result classifies all nilpotent 0(«)-orbits in o(n) (see 

EMU). 

Lemma 5.4. The map [d] >—^ Cm from ^'{n) to o{n) induces a bijection from 
^'{n) onto J^{n). 

Using Propositions 15 .2 1 and 15 .4[ we deduce: 

Proposition 5.5. 

(1) The map [d\ ^ g^^^from ^'{n) to 'N{n+2) induces a bijection from ^'{n) 
onto ]Nf(?i + 2). 

(2) Each nilpotent singular n + 2-dimensional Lie algebra is i-isomorphic to 
a unique amalgamated product gui, [d] € l3^'{n) of nilpotent Jordan-type 
Lie algebras. 

5.2. We introduce some notation: 

Definition 5.6. Let g be a solvable singular quadratic Lie algebra and write g = 

(CXo © CYq) © q a decomposition of g as a double extension (Proposition 14.31 and 
Lemma |44l ). Let C = ad(yo)|q- We say that g is a diagonalizable if C is diagonal- 
izable. 

We denote by T){n-\-2) the set of such structures on the quadratic space C"+^, 
by Dred(« + 2) thereducedones, by 5(?i + 2), I)'(« + 2), T>,si{n + 2), 'D\^^{n + 2) 
the corresponding sets of isomorphism and i-isomorphism classes of elements in 
X>(« + 2)andDred(« + 2). 

Remark that the property of being diagonalizable does not depend on the chosen 
decomposition of g (see Remark [4771 ). By Corollarv 14.61 and a proof completely 
similar to Proposition 14. lOl or Proposition 15. 2[ we conclude: 

Proposition 5.7. There is a bijection between D' {n + 2) and the set of semi- simple 
0{n)-orbits in ¥^{o{n)). The same result holds for 1)\^^{n + 2) and semi-simple 
invertible orbits in F^{o{n)). 

Proof. Proceed exactly as in Proposition 14. 101 or Proposition 15. 2[ but notice that a 
a diagonalizable C satisfies ker(C) C Im(C) if, and only if, ker(C) = {0}. D 
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5.3. The classification of semi-simple adjoint orbits of a semi-simple Lie algebra 
Q is fully known (see e.g. IICM93I ). Given a Cartan subalgebra t) of g, there is a 
bijection between the set of semi-simple adjoint orbits and i}/W, where W is the 
Weyl group. 

Here, we deal with 0(n)-adjoint and not SO(«)-adjoint orbits. Hence, slight 
changes must be done. Let us recall the result: write n = 2p if n is even and 
n = 2p + 1 if n is odd. Let [) be a Caitan subalgebra given by the vector space 
of diagonal matrices of type diag2„ ( Ai , . . . , Ap , Ai , . . . , Ap) if « is even and of type 
diag2p_,_i(Ai,... ,Ap,0, — Ai,... ,— Ap) if n is odd. Any diagonalizable C G o(?i) is 
conjugate to an element of f) (see Appendix 1 for a direct proof). If C is invertible, 
then n is even (see Appendix 1). 

If n is even, the Weyl group consists of all permutations and even sign changes 
of (Ai, . . . , Ap). Thus, to describe 0(«)-orbits we must admit any number of sign 
changes. We denote by Gp the corresponding group. If n is odd, the Weyl group is 
Gp and there is nothing to add. 

However, we ai^e interested in 0(?i)-orbits in P'(o(«)). So, we must add maps 
(Ai , . . . , Xp) i-^- A (Ai , . . . , Ap), VA € C, A 7^ to the group Gp. We obtain a group 
denoted by Hp. Now, let Ap = {(Ai , . . . , Ap) | Ai , . . . , Ap G C, A,- 7^ for some /} 
andA+ = {(Ai, . . . ,Ap) | Ai,...,Ap G C,A,- 7^0,V/}. 

By Proposition 15.71 we obtain the Corollary: 

Corollary 5.8. There is a bijection between D'(« + 2) and hp/Hp. Moreover, if 

n = 2p+ 1, Dredl?! + 2) = and ifn= 2p, then Dred(2p + 2) is in bijection with 
K+lHp. 

5.4. To go further in the study of diagonalizable reduced case, we need the fol- 
lowing Lemma that will also be used in Section 6: 

Lemma 5.9. 

Let g' and g" be solvable singular quadratic Lie algebras, g' = {CX[ © CF/) © q' 
a decomposition o/q' as a double extension and C = diA{Y[)\^. We assume that C 
is invertible. Then g' cmd g" are isomorphic if, and only if, they are i-isomorphic. 

Proof Write g" = (CX" © CFj") © q" a decomposition of g" as a double extension 

andc" = ad(F/')lq"- 

Assume that g' and g" are isomorphic. By Corollary 14.61 there exist 2 : q' ^ q" 

and P G ^{ol) such that QP^ is an isometry, P*PC' = c' and c" = A 2 c' Q^ 
for some non-zero A G C. But C is invertible, so P P = Id^i. Therefore, P is an 
isometry of q' and then Q is an isometry from q' to q". The conditions of Corollary 
14.61 (1) are satisfied, so g' and g" are i-isomorphic. D 

Corollary 5.10. One has: 

^,ed(2p + 2) = T)l^{2p + 2), yp>L 
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Next, we describe diagonalizable reduced singular Lie algebras using amal- 
gamated products. First, let 04(A) be the double extension of q = C^ by C = 

, ] . By Lemma I4T2I 34(A) is i-isomorphic to 94(1), call it 34. 

Proposition 5.11. Let {q,B) be a diagonalizable reduced singular Lie algebra. 
Then g is an amalgamated product of singular Lie algebras all i-isomorphic to 34. 

Proof. We write g = (CXq CTo) 9 q, C = ad(yo), C = C|q and B = Bqxq- Then 
C is a diagonalizable invertible element of o(q,B). Apply Appendix 1 to ob- 
tain a basis {e\,... ,ep,f\,.. . ,fp] of q and Ai , . . . , Ap G C, all non-zero, such that 
B{ei,ej) = B{f;fj) = 0, B{eijj) = 5ij and C(e;) = A,-e,-, Cif) = -hf, for all 
1 < ij < P- Let q, = spanje,,/;}, \ <i < p. Then 

Furthermore, f), = (CXq © CJo) © I; is a Lie subalgebra of g for all 1 < / < /? and 

= [)1 X f)2 X . . . X l)p with [),• ~ 04(A,) ~ 04. 
a a a 

D 
Remark 5.12. For non-zero A, /^ G C, consider the amalgamated product: 

g(A,/i) = g4(A) x 04(^). 

a 

Then 0(A,/x) is the double extension of C"^ by 

/A \ 

Ai 

-A 

\0 -At/ 

Therefore 0(A,/x) is isomorphic to 0(1,1) if, and only if, /i = it A (Lemma 
and (15.3b ). So, though 04(A) and 04(/l) are i-isomorphic to 04, the amalgamated 
product 0(A,/i) is not even isomorphic to 0(1, 1) = 04 x 04 if /i 7^ it A. This illus- 

a 

trates that amalgamated products may have a rather bad behavior with respect to 
isomorphisms. 

6. The general case 

6.1. Let g be a solvable singular quadratic Lie algebra. We fix a realization of 

g as a double extension, g = (CXq © CFq) © q (Propositions 14.31 and 4.5). Let 
C = ad(7o) and C = C|q. We consider the Fitting decomposition of C: 

q = qiv©q/, 

where (\n ans q/ are C-stable, Ca? = C|q^ is nilpotent and C/ = C|q, is invertible. 
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Since C is skew-symmetric, one has q/ = q^^. Therefore, the restrictions B^ = 

B|q„xqjv ^rid B/ = B|q,xq, of B = B|qxq ai^e non degenerate, Cn and C/ ai'e skew- 

± ± 

symmetric and [q/, q^v] = 0. Let qn = {CXqQCYo) ® q^ and g/ = (CXoeCFo) ffi q/- 

Then g^? and qj are Lie subalgebras of g, gA^ is the double extension of q^? by Ca?, 

Qj is the double extension of q/ by C/ and qn is a nilpotent singular quadratic Lie 

algebra. To study g/ , we introduce the following definition: 

Definition 6.1. A double extension is called an invertible quadratic Lie algebra if 
the corresponding skew-symmetric map is invertible. 

Remark 6.2. 

• By Remai'k 14/71 the property of being an invertible quadratic Lie algebra 
does not depend on the chosen decomposition. 

• By Appendix 1, the dimension of an invertible quadratic Lie algebra is 
even. 

• By Lemma[5]9j two invertible quadratic Lie algebras are isomorphic if, and 
only if, they are i-isomorphic. 

With the above definition, g/ is an invertible quadratic Lie algebra and we have 

g = g/V X Qj. 
a 

Definition 6.3. The Lie subalgebras qn and qj are respectively the nilpotent and 
invertible Fitting components of g. 

This definition is justified by: 

Proposition 6.4. Let g and g' be solvable singular quadratic Lie algebras and g/v, 
0/> 0/V' 0/ ^^ their Fitting components. Then 

(1) Q — 5' if' <^nd only if, g/v 2:^ gjy and g/ ~ g^. The result remains valid if we 
replace ~ by ~. 

(2) Q'^q' if and only of qc^ g'. 

Proof. We assume that g ~ g'. Then by Corollary 14.61 there exists an invertible 
P : q — > q' and a non-zero A G C such that C = X P C P ,soq^= P{(\n) and 
qJ = P{(\i), then dim(q^) = dim(qAr) and dim(q)) = dim(q/). Thus, there exist 
isometrics Fa? : qj^ ^ q^v and f/ : q^ — ;• q/ and we can define an isometry F : q' ^ q 
hyF{X'j^+X'j)=FN{X'f^)+Fi{X'i), y^ e q;v andX/ G q^. We now defineF : g' ^g 
by F{X[) = Xi, F{Yl) = Fi, F|(,/ = F and a new Lie bracket on g : 

[X,Y]" =F {[F-\X),F-\Y)]') ,\/X,Y eQ. 

Call g" this new quadratic Lie algebra. We have g" = (CXi ®CFi) © q, i.e., 
q" = q and C" =FC'F"\ So q^^, = F(q^) = q^v and c\'i' = F{q',) = qj. But g ~g", 
so there exists an invertible 2 : q — 5- q such that C =X QC Q for some non-zero 
A € C (Corollary 14.61 ). It follows that q^ = Q{qN) and q/ = Q{qi), so 2(qA?) = q^ 
and Q{qi) = q/. 



Q*QU, = Idq, and Qj = Qjq^ is an isometry. Since C, = X Q, Cj Q, , then 0/ ~ g" 
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Moreover, we have Q* QC = C (Corollary gH), so Q* Qc'' = '& for all k. 
There exists k such that q/ = \m{C'') and {Q* Q c''){X) = C^{X), for all X G g. So 

e*!2|q,=Idq, an 
(Corollary SI]). 

Let Qat = e|q„. Then C^ = A 2^, Ca, Q^^ and 2^;, Qa, Ca, = Cn, so by Corollary 

14.61 Qn — 0^. Since qn and g^ are nilpotent, then 5^ ~ 3a? by Proposition 15.21 

Conversely, assume that qn ~ g'j^ and g/ ~ q'j. Then gA? ~ gjy and g/ ~ gj by 
Proposition 15.21 and Lemma [5^ 

So, there exist isometrics Pn '■ Qn ^ fliv Pi '■ 9i ^ 0/ and non-zero Xn and A/ € C 
such that Cat = Xn Pn Cn Pn and Q = A/ P/ C/ P/ . By Lemma 15.11 since 
gAT and gj^ are nilpotent, we can assume that Xn = Xj = X. Now we define P : 
q -;> q' by P{Xn+Xi) = Pv(Xv) +P/(X/), \/Xn G qw, X/ G q/, so P is an isometry. 
Moreover, since C(XAr + X/) =Cn{Xn) + Ci{Xi), \/Xn e qN, Xj G q/ andc'(X^ + 
X/) = C^(X^) + C^(X;), for all X^ G q^, X/ G q/, we conclude c' = A P CP"' and 

finally, g ~ g', by Corollary 14.61 D 

Remark 6.5. The class of solvable singular quadratic Lie algebras has the remark- 
able property that two Lie algebras in this class are isomorphic if, and only if, they 
are i-isomorphic. In addition, the Fitting components do not depend on the realiza- 
tions of the Lie algebra as a double extension and they completely characterize the 
Lie algebra (up to isomorphism). 

6.2. To classify all solvable singular Lie algebras (up to isomorphism), we have 
to classify nilpotent and invertible ones (see Proposition 16.41) . The nilpotent case is 
completely achieved in Proposition 15. 5[ so we are left with the invertible case. 
For p> I and A G C, let Jp{X) = diagp(A, . ..,X)+Jp and 

^,,,_fMX) 



^2pi^^-y -'Jp{X)J- 



ThenC^p(A)Go(2p). 



Definition 6.6. For A G C, let J2p(A) be the double extension of C^p by C2p(A). 
We say that J2p(A) is a Jordan-type quadratic Lie algebra. 

When A = and p > 2, we recover the nilpotent Jordan-type Lie algebras J2p 
from Definition [531 

When A 7^ 0, J2p(A) is an invertible singular quadratic lie algebra and 

i2p(-A)~J2/>(A). 

Proposition 6.7. Let q be a solvable singular quadratic Lie algebra. Then g is an 
invertible Lie algebra if, and only if, g is an amalgamated product of Lie algebras 
all i-isomorphic to Jordan-type Lie algebras )2p{X), with A 7^ 0. 
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_L _ 

Proof. Let g = (CXoeCio) © q, Bbe the bilinear form of g, B = B|qxq, C = ad(yo) 
and C = C|q G o(q,5). We decompose C into its semi-simple and nilpotent parts, 
C = S + N. It is well known that 5 and F G o{q,B). 

Let A C C \ {0} be the spectrum of S. We have that A € A if, and only if, — A G A 
(see Appendix 1). Let V^ be the eigenspace corresponding to the eigenvalue A. We 
have dim(y;L) = dim(y_;t). Denote by q(A) the direct sum q(A) =V^ ©^-a- If 
/I € A, jU 7^ lb A, then q(A) and q(/x) are orthogonal (Appendix 1). Choose A_|_ 
such that A = A+ U (— A+) and A+ n (— A+) = 0. We have (see Appendix 1): 

± 

q= ffiAGA+q(^)- 

So the restriction B^ = S|q(A)xq(A) is non degenerate. Moreover, V^ and V_^ are 
maximal isotropic subspaces in q(A). 

Now, consider the map ^F : V^x -^ ^a defined by ^'{u){v) = Bx{u,v), \/u G V^x^ 
V ^Vx- Then ^ is an isomorphism. Given any basis ^(A) = {^i (A), . . . ,e,j^ (A)} 
of Vx, there is a basis SS{—X) = {ei(— A),. .. ,e„^(— A)} of V_;t such that 
Bx{ei{X),ej{-X)) = dij, VI < /,; < n^: simply define e,-(-A) = i//--i(£',-(A)*), 
for all I <i <nx. 

Remark that N and S commute, so ^(V^) C V^. VA G A. Define Nx = ^lq(A)' 
then Nx G o(q(A),BA)- Hence, if Nxlv,^ has a matrix Mx with respect to ^(A), 
then A'^aIv-a ^^^ ^ matrix —'Mx with respect to =^(— A). We choose the basis 
=^(A) such that Mx is of Jordan type, i.e. 

^(A) = ^(A,l)U---U=^(A,r;L), 

the multiplicity nix of A is m;^ = ^[^^ dx (/) where (i;^ (0 = ti=^(A , /) and 

^A=diag„j74(i),..., 7^, (,,)). 

The matrix of C|q(A) written on the basis =^(A) U^(— A) is: 

diag,,^ (7rf^(i)(A),...,7j^(,^)(A),-'7j^(i)(A),...,-'7rf^(,j(A)). 

Let q(A,/) be the subspace generated by =^(A,/) U^(— A,/), for all 1 < / < r;^ 
and let C(A,/) = C|q(A,,)- We have 

q(A)= ©i<K,^q(A,r). 

The matrix of C(A,/) written on the basis of q(A,/) is Cj^^ (i)i^)- Let 0(A,/), 
A G A+, I < i < rx be the double extension of q(A,/) by C(A,/). Then 0(A,/) is 
i-isomorphic to J2rf^(,)(A). But 

± 
q= © q(A,/) and C\^^xj) =C{X,i). 

AeA+ 

Therefore, g is the amalgamated product 

0= X 0(A,/). 



a 

AeA+ 



l<Krj 
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D 

6.3. Denote by Sinv(2p + 2) the set of invertible singular Lie algebra structures 
on C^P^^, by Sinv(2p + 2) the set of isomorphism (or i-isomorphism) classes of 
Sinv(2p+2). Next, we will give a classification of Sinv(2p + 2). Using Propositions 
16. 4 1 and 1531 a classification of Ss(?i + 2) can finally be achieved. 
We shall need the following Lemma; 

Lemma 6.8. Let {V, B) be a quadratic vector space. We assume that V = V+ V_ 
with V± totally isotropic vector subspaces. 

(1) LetN € ^{V) such thatN{V±) C V±. We define mapsN± byN+\v^ =-^k+. 
N^\v_ = 0, N-\y_ = N\v_ and N-\v^ = 0. Then N € o{V) if, and only if, 
N- = -N1_ and, in this case, N =N+- N^. 

(2) Let U+ & .^ {V) such that U+ is invertible, [/+ ( V+ ) = V+ and U+\v_= Id v_ . 
We define U G ^{V) byU\v^ = U+ andU\v_ = (^+ T- Then U G 0{V). 

(3) Let N' G o{V) such that N' satisfies the assumptions of (1). Define N± as 
in (1). Moreover, we assume that there exists U^ G ^(V+), U-^- invertible 
such that 

N[\v, = {U+N+U^')\v,. 

We extend U^ to V by U^\v_ = Id\/_ and define U (zO{V) as in (2). Then 

N' = U NU-\ 

Proof. The proof is a straightforward computation. D 

Let us now consider C G o(?i), C invertible. Then, n is even, n = 2p (see Ap- 
pendix 1). We decompose C = S + N into semi-simple and nilpotent parts, S, 
A'^ G o(2p). We have A G A if, and only if, —A G A (Appendix 1), where A is 
the spectrum of C. Also m{X) = m(— A), for all A G A with multiplicity m(A). 
Since A'^ and S commute, we have Niy{±X)) C V(±A) where Vi is the eigenspace 
of S corresponding to A G A. Denote by W (A ) the direct sum 

W{X) = V),®V_),. 

Define the equivalence relation 3J on A by: 

AlR/i if, and only if, A = ±/x. 

Then 

C'^ = e AeAAW(A), 

and each {W{X),Bx) is a quadratic vector space with Bi = B|w(A)xIV(A)- 

Fix A G A. We write W(A) = V+ © V_ with V± = V±x- Then, with the notation 
in Lemma [Ol define N±i = N±. Since N\v_ = —N^, it is easy to verify that the 
matrices of A'^ | y^ and A'^ | y_ have the same Jordan form. Let (t/i ( A ) , . . . , J,.^ ( A ) ) be 
the size of the Jordan blocks in the Jordan decomposition of A'^lv^. This does not 
depend on a possible choice between N\v^ ov N\v_ since both maps have the same 
Jordan type. 
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Next, we consider 

^= IJ {{du...,dr)en''\di >d2>--->d,.> 1} 

reN* 

Defined : A— > ^by d{X) = {di{X),. .. ,dr^{X)). It is clear that Oo J = m, where 
<I> : ^ — >• N is the map defined by <J>(<ii , . . . , J,-) = ^[^ j J,-. 

Finally, we can associate to C € o(n) a triple {A,m,d) defined as above. 

Definition 6.9. Let ^p be the set of all triples {A,m,d) such that: 

(1) A is a subset of C \ {0} with jJA < 2p and A G A if , and only if, -A e A. 

(2) m: A^-W satisfies m(A) = m(— A), for all A G A and T.aeA'^i^) = ^P- 

(3) J : A — > ^ satisfies cf(A) = (3f(-A), for all A G A and OoJ = m. 

Let ^(2;?) be the set of invertible elements in o{2p) and ^{2p) be the set of 
0(2/7)-adjoint orbits of elements in ^{2p). By the preceding remarks, there is a 
map / : J^{2p) — > ^p. The following Proposition classifies ^{2p): 

Proposition 6.10. 

The map i : J'[2p) -^ ^p induces a bijection i : J^{2p) -^ ^p. 

Proof. Let C and C G JC2p) such that C = U C U'^ with U G 0(2;?). Let S, 
S', N, N' be respectively the semi-simple and nilpotent parts of C and C'. Write 
i{C) = (A,m, A) and /(C) = (A',m',A'). 

Then 5' = [/ 5 U-^ So A' = A and m' = m. Also, [/(Va) = V;(, for all A G A. 
Since N' = U NU-\ then N'\v'^ = U\v^ N\v^ U'^ \v,. Hence, N\v^ and N'\v^ have 
the same Jordan decomposition, so d = d' and / is well defined. 

To prove that / is onto, we start with A = {Ai , — Ai , . . . , A^., — A;t}, m and J as in 
Definition |6.9l Define on the canonical basis: 

;;i(Ai) m(At) m(Ai) m(At) 

5 = diag2p(Ai,... ,Ai,... ,Ai:,...,Ai:,-Ai,...,-Ai,... ,— A^,... ,— A^). 
For all 1 < / < A:, let t/(A,) = (cfi (A,) > . . . dr^_ (A,) > 1) and define 

N+{X) =diag^(;^^.) (^irf,(A,),-/rf2(A,)'---'-^rf,;^.(A,)j 

on the eigenspace V^. and on the eigenspace V_^. where J^ is the Jordan block of 
size d. 

By Lemma \6M N{Xi) := N+{Xi) -N+{Xi)* is skew-symmetric on V^. © V_a,. 
Finally, 

C2/'= ©,= i(Va,©V_a,). 

Define A^ G o(2p) by A^ (iti v,) = LLx N{?ii){vi), v,- G V^, © V_a, and C = 5+iV G 
o(2p). By construction, /(C) = {A,m,d), so / is onto. 

To prove that / is one-to-one, assume that C, C' G ^{2p) and that /(C) = /(C') = 
{A,m,d). Using the previous notation, since their respective semi-simple parts S 
and S' have the same spectrum and same multiphcities, there exist U G 0(2p) such 
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that 5' = USU-K For A G A, we have U{Vx) = V[ for eigenspaces Vx and V[ of S 
and S'. 

Also, for A e A, if A^ and A^' are the nilpotent parts of C and C' , then N"{Vi) C 
Vx, with A^" = U-^N'U. Since i{C) = i{C'), then N\v^ and Af'|y{ have the same 
Jordan type. Since A'^" = U^^N'U, then A'^"|y^ and A'^'ly have the same Jordan type. 
So A^|y^ and A^"|y^ have the same Jordan type. Therefore, there exists D+ € ^{Vx) 
such that A^"|va = D+N\v^D-\ By Lemma[6ll there exists D(A) G OiVx © V_x) 
such that 

We define D G 0(2/?) by Z)|y^eV-x = -Dl^). for all A € A. Then A^" = DND^ and 
D commutes with S. Then S' = {UD)S{UD)-^ and A^' = {UD)N{UD)-^ and we 
conclude 

C = {UD)C{UD)-\ 

U 

The classification of Sinv(2;7 + 2) can be deduced from the classification of the 
set of orbits J^(2/7) by ^p as follows: introduce an action of the multiplicative 
group C* = C \ {0} on /,, by 

for all /I G C*, IJ.-{A,m,d) = {lJ.A,ni ,d'), V {A,m,d) G ^p,A G A, 

where m'(juA) = m(A),(i'(/iA) = d{X), V A G A. We have /(/^C) = IJ-i{C), for all 
C G J^(2p) and /I G C*. Hence, there is abijectionT: P^(^(2p)) ^- /pjC* given 
by /([C]) = [/(C)], if [C] is the class of C G Ji^p) and [(A,m,(i)] is the class of 
(A,m, J) G J p. 

Proposition 6.11. The set §inv(2;? + 2) /i' in bijection with ^p/C*. 

Proof. By Proposition ^. lOl there is a bijection between S^ (2p + 2) andP'(o(2;7)). 

By restriction, that induces a bijection between Sjnv (2/7 + 2) and F^{^{2p)). By 

Lemma [5^ we have Sinv {2p + 2) = Siav{2p + 2). Then, the result follows: given 
g G Sinv (2;? + 2) and an associated C G J^{2p), the bijection maps g to [/(C)] where 
g is the isomorphism class of g. D 

Remark 6. 12. Any g G §(« + 2) can be decomposed as an amalgamated product of 
its Fitting components, g = QN ^ Qi (Remark [6.2l) . Also, g ~ g' if, and only if, qn ~ 

a 

s'fj and Qi ~ gj. Remark that Qn S ^{k + 2) for some k <n and qj G Sinv (2^ + 2) 
for some £ with 2i < n and k + 2£ = n. Up to isomorphism (or the equivalent 
notion of i-isomorphism, see Proposition 16.41) . the classification of 'N{k + 2) is 
known (Proposition 15.51 ) and the classification of Sinv(2^ + 2) is known as well 
(Proposition 16.111 ). The decomposition of Qn and g/ as amalgamated products of 
Jordan-type Lie algebras is obtained in Propositions 15. 5 1 and 16.71 and that allows us 
to write explicitly the commutation rules of g. So, the complete description and 
classification (up to isomorphism or i-isomorphism) of Ss(« + 2) is achieved. 
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Remark that aside the singular quadratic Lie algebras context, we can com- 
pletely solve the problem of the classification of 0(«)-adjoint orbits in o{n) as 
follows: for C € o{n), consider its Fitting components Cn and Cj. They belong 
respectively to ^{k), k <n and to J^{2£), £ <n with ^ + 2^ = n. Moreover, C and 
C' are conjugate if, and only if, C^, C'j^ and C/, C'j are conjugate (it results from 
the proof of Proposition 16.4b . But C^ is nilpotent and the classification of nilpo- 
tent orbits is known (see Lemma [54] ). For the invertible C/, the classification is 
given in Proposition l6.10[ A Jordan-type decomposition of C can be then deduced 
(see (15.21) and the proof of Proposition 16.7b . This gives an explicit description and 
classification of 0(n)-adjoint orbits in o{n). 

7. Quadratic dimension of reduced singular quadratic Lie 

ALGEBRAS AND INVARIANCE OF dup(g) 

7.1. Let {q,B) be a quadratic Lie algebra. It is shown in IIBB07II that the space of 
invariant symmetric bilinear forms on g and the space generated by non-degenerated 
ones ai^e the same. Let us call it 25(0). The dimension of 23(0) is the quadratic di- 
mension of 0, denote it by dq{Q). Obviously, dq{Q) = 1 if is simple. If is 
reductive, but neither simple, nor one-dimensional, then 

dim(Z(0))(l+dim(Z(0)) 
dq[Q) = s[Q) H , 

where 2,(0) is the center of and s{g) is the number of simple ideals of a Levi 
factor of IIBB07II . A general formula for (i^(0) is not known. Here, we give a 
formula for reduced singular quadratic Lie algebras. To any symmetric bilinear 
form B' on 0, there is an associated symmetric map D : — ;• satisfying 

B'{X,Y)=B{D{X),Y),yx,Yeg. 

The following Lemma is straightforward. 

Lemma 7.1. Let {q,B) be a quadratic Lie algebra, B' be a bilinear form on q and 
D G ^{q) its associated symmetric map. Then: 

(1) B' is invariant if, and only if, D satisfies 

(I) D{[X,Y]) = [DiX),Y] = [X,D{Y)], yX,Y G 0. 

(2) B' is non-degenerate if, and only if, D is invertible. 

A symmetric map D satisfying His called a centromorphism of 0. The space of 
centromorphisms and the space generated by invertible centromorphisms are the 
same, denote it by 6(0). We have dq{Q) = dim(C(0)). 

Proposition 7.2. Let gbe a reduced singular quadratic Lie algebra and D € ^(0) 
be a symmetric map. Then: 

(1) D is a centromorphism if, and only if, there exists /x G C and a symmetric 
map Z : ^ 2,(0) such that Z|[g g] = and D = /ild+Z. Moreover D is 
invertible if, and only if, n y^O. 
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(2) 

d{Q)-l I dim(Z(g))(l+dim(2;(g)) ^ 

Proof. 

(1) If g = o(3), with B = Xk and K the Killing form, the two results are ob- 
vious. So, we examine the case where g is solvable, and then g can be 

realized as a double extension: g = (CZi ® CFi) © q, with corresponding 
bilinear form B onq,C = ad(Fi), C = C|q G o(q). 

Let D be an invertible centromorphism. One has D o ad(X) = ad(X) oD, 
for aU X e g and that implies DC = CD. Using formula (1) of Lemma 1421 
and CD = DC, from [D{X),Yi] = [X,D{Yi)], we find D(C(X)) = 
B{D{Xi),Yi)C{X). Let jU = B{D{Xi),Yi). Since D is invertible, one has 
At 7^ and C{D - l^ld) = 0. Since ker(C) = CXi © ker(C) © CFi = 2,(g) © 
C7i, there exists a map Z : g — )• 2,(g) and <p G g* such that D — /ild = 
Z + (p(S)Yi. But D maps [g,g] into itself, so <jO|[g^g] = 0. One has [g,g] = 
CXi©Im(C). If X € Im(C), let X = C(y). Then D(X) = D(C(y)) = 
HcIy), soD(X) = jUX. For Fi, D([Fi,X]) =DC(X) = jUC(X) forallX Gg. 
But also, D([Fi,X]) = [D(yi),X] = AtC(X) + (p(Fi)C(X), hence (p(Fi) =0. 

Assume we have shown that D(Xi) = /iXi. Then if X G q, B(D(Xi),X) = 
IJ.B{Xi,X) = 0. Moreover, B(D(Xi),X) =B(Xi,D(X)), so <p(X) = 0. Thus, 
to prove (1), we must prove that D{Xi) = jxXi. We decompose q respec- 
tively to C as in Appendix 1. Let I = ker(C). Then: 

q = ([©0©(u©u') 

and C is an isomorphism from I' © (u©u') onto I © (u©u'). Or 

q = ([ + [') ©Crffi(uffiu') 

and C is an isomorphism from [' © Cr © (u©u') onto [ © Cr © (u©u'). 
If uffiu' / {0}, there exist X', 7' G u©u' such that B{X',Y') = -1 

and X, F G [' © (u © u') (resp. T © Cr © (u © u')) such that X' = C(X), 
Y' = C{Y). It follows that [C{X),Y] = Xi and then D(Xi) = [DC{X),Y] = 
At[C(X),F]=AtXi. 

If u©u' = {0}, then either q = ([+ [') © CT or q = [+ ['. The first case 

T 1- 

is similar to the situation above, setting X' = Y' = — and X, F G 1' © CT. 

_ i 

In the second case, [ = Im(C) is totally isotropic and C is an isomorphism 
from [' onto I. For any non-zero X G [', choose a non-zero Y £ I' such that 
B{C{X),Y)=0. ThenD([X,y]) =D(B(C(X),y)Xi) =0. But this is also 
equal to [D{X),Y] =I^[X,Y] + (p{X)C{Y). Since D is invertible, [X,Y] = 
and we conclude that (p{X) = 0. Therefore (pjc =0. There exist L, L' G I' 
such that Xi = [L,L'] and then Z)(Xi) = jJ-X^. 
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Finally, Q{q) is generated by invertible centromorphism, so the neces- 
saiy condition of (1) follows. The sufficiency is a simple verification. 
(2) As in (1), we can restrict to a double extension and follow the same nota- 
tion. By (1), D is a centromorphism if, and only if, D{X) = piX + Z(X), 
for all X € g with jU € C and Z is a symmetric map from g into 2,(g) 
satisfying Z|[gg] = 0. To compute dq{Q), we use Appendix 1. Assume 

± _ 

dim(q) is even and write q = (I© [') ® (u©u') with [ = ker(C), 2,(g) = 

CXi © [, Im(C) = [ © (u © u') and [g,g] = CXj © Im(C). Let us define 

Z : [' © Cri ^ I © CXi : set basis {Xi ,X2, . . . ,X,} of [ © CXi and {Y[ = 
Y[,Y{,...X} of I' © CFi such that B{Y.',Xj) = 5ij. Then Z is completely 
defined by 

with Vij = Vji = B{Y/, Z(F')) and the formula follows. The case of dim(q) 
odd is completely similar-. 

D 

7.2. As a consequence of Proposition |T2j we prove: 

Proposition 7.3. The dwp-number is invariant under isomorphism, i.e. if q and g' 
are quadratic Lie algebras with g ~ g', then dup(g) = dup(g'). 

Proof. Assume that g ~ g'. Since an i-isomorphism does not change dup(g'), we 
can assume that g = g' as Lie algebras equipped with invariant bilinear forms B 
and 5'. Thus, we have two dup-numbers, dup5(g) and dupg/(g). 

We choose 3 such that 2,(g) = (2.(g) n [g,g]) ©3. Then 3 r\i^'^ = {0}, 3 is a 

central ideal of g and g = I © 3 with [ a reduced quadratic Lie algebra. Then 

dupg(g) = dup5([) (see (l2!2l )). Similarly, 3 03-^"' = {0}, g = 1' © 3 with [ a reduced 
quadratic Lie algebra and dup5/(g) = Aupgi{\!). Now, 1 and \! are isomorphic to 
g/3, so [ ~ ['. Therefore, it is enough to prove the result for reduced quadratic Lie 
algebras to conclude that A\xpg{{) = A\xpg,{{) and then that dup5(g) = dupg/(g). 

Consider g a reduced quadratic Lie algebra equipped with bilinear forms B and 
B' and associated 3-forms / and /'. (see (11.61 )). We have dupg(g) = dim(V/) and 
dupB,(g) =dim(V//) with V/ = {a G g* | a A/ = 0} and Vp = {« g g* | a A/' = 0}. 

We start with the case dup5(g) = 3. This is true if, and only if, dim([g,g]) = 3 
(PUOTl. Thendupg,(g) = 3. 

If dup5(g) = 1, then g is of type Si with respect to B. We apply Proposition |T2] 
to obtain an invertible centromorphism D = /i Id +Z for a non-zero /i G C, Z = g ^> 
Z{q) satisfying Z|[g,g] = and such that B'(X,F) = B{D{X),Y), for all X,F G g. 
Then /'(X,7,Z) = B'([X,F],Z) = B([D(X),F],Z) = piB{[X,Y\,Z) = ^I{X,Y,Z), 
for all X, y, Z G g. So /' = jU/ and dup5/(g) = dup5(g). 

Finally, if dupg{Q) = 0, then from the previous cases, g cannot be of type S3 or 
Si with respect to B', so dup5/(g) = 0. 
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D 

8. Appendix 1 

In this Appendix, we recall some facts on skew-symmetric maps used in the 
paper. Nothing here is new, but short proofs are given for the sake of completeness. 

Throughout this section, {V, B) is a quadratic vector space and C is an element 
of o(y ). We recall the useful identity ker(C) = (Im(C))^. 

Lemma 8.1. There exist subspaces W and NofV such that: 

(1) NC ker(C), C{W) CW andV = W (BN. 

(2) Let B]Y = B\wxw <md C-^ = C|vk- Then B^i/ is non-degenerate, Cw G 
o{W,Bw) andker{Cw) C Im(Cvi^) = Im(C). 

Proof. We follow the proof of Proposition |231 given in IIPU071 Let No = ker(C) n 
Im(C) and let A'^ be a complementary subspace of A'^o in ker(C), ker(C) = No(BN. 
Since ker(C) = (Im(C))^, we have B{No,N) = {0} and NHN^ = {0}. So, if 

W = N^, one hasV = W ®N. From C{N) = {0}, we deduce that C{W) C W. 

It is clear that B is non-degenerate and that Cw € o(W). Moreover, since C{W) C 
W and C{N) = {0}, then Im(C) = lm{Cw)- It is immediate that ker(Cvi') = A'^q, so 
ker(Cw) C lm{Cw)- □ 

Lemma 8.2. Assume that ker(C) C Im(C). Denote L = ker(C). Let {L\,. . . ,L^} 
be a basis ofL. 

(1) If dim{V) is even, there exist subspaces L' with basis {L\ ,.. . ,L'^}, U with 
basis {Ui ,... , Us} and U' with basis {U[,. . . , U!.} such that B{Li,L':) = 5ij, 
for all 1 < i,j < r, L and L' are totally isotropic, B{Ui,U'j) = dij, for all 

1 < /, j <s, U and U' are totally isotropic and 

V = {L®L')®{U®U'). 

Moreover Im(C) = L ([/ [/') and C : L' ([/ [/') ^ L ([/ U') 
is a bijection. 

(2) If dim{V) is odd, there exist subspaces L', U and U' as in (1) and v £V 
such that B{v,v) = 1 and 

V = {L®L') ® Cv ® (U ®U'). 

Moreover Im(C) = L Cv ([/ [/') and C : L' ® Cv ® {U ®U') ^ 

± ± 
L®Cv ® {U ®U') isa bijection. 

(3) In both cases, rank(C) is even. 

Proof. Since (ker(C)) = Im(C), L is isotropic. 
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(1) If dim (y) is even, there exist maximal isotropic subspaces W\ and W2 such 
that V =WiQ)W2 IIBou59ll and LcWy. Let [/ be a complementary sub- 
space of L in Wi, Wi = L(BU and {Ui,. . . ,Us} a basis of U. Consider 
the isomorphism *F : W2 — )• W^ defined by *P(w2)(wi) = S(w2,wi), for all 
wi G Wi, W2 G W2. Define L\ = W'\L*), l<i<r,L' = span{L;, . . . ,L;.}, 
U'j = ^-\U*), \<i<s,U' = span{C/i',..., [/,'}. Then B{Li,L'j) = 5ij, 
1 < ij ^ r, L and L' are isotropic, B{Ui,U'j) = Sjj, for all 1 < /, j < s, U 
and U' are isotropic and 

V = {L®L')®{UeU'). 

Since Im(C) = L^, we have lm{C) = L e (U (B U'). Finally, if 

V G L' e ([/ e [/') and C(v) = 0, then v G L. So v = 0. Therefore C is one 

to one from L' © ([/ © U') into L © ([/ © [/') and since the dimensions are 
the same, C is a bijection. 

(2) There exist maximal isotropic subspaces Wi and W2 such that V = {Wi © 

± _, , 

W2) © Cv, with veV such that B{v,v) = 1 and L C Wi l|Bou59l Then the 

proof is essentially the same as in (1). 

(3) Assume dim(V) even. Define a bilinear form A on L' © ([/ © U') by 

A(vi,V2) =B(vi,C(v2)), for all vi, V2 G L' ©([/ ©[/'). Since C G o{V), 

A is skew-symmetric. Let vi G L' © {U ®U') such that A(vi,V2) = 0, for 

all V2 GL' ©([/©[/'). Then B(vi,w) =0, for all wGL© ([/©[/'). It 
follows that S(vi , w) = 0, for all w G V, so vi = and A is non-degenerate. 

So dim(L' © (?7 © U') is even. Therefore dim(L') = dim(L) is even and 
rank(C) is even. If V is odd-dimensional, the proof is completely similar-. 

D 

Corollary 8.3. IfC G oiV), then rank(C) is even. 

Proof. By Lemma ISTTl Im(C) = Im(Ciy) and rank(Civ) is even by the preceding 
Lemma. D 

For instance, if C G oiV) and C is invertible, then dim(V) must be even. But 
this can also be proved directly: when C is invertible, then the skew-symmetric 
form Ac on V defined by Ac(vi,V2) = B(vi,C(v2)), for all vi, V2 G V , is clearly 
non-degenerate. 

When C is semi-simple (i.e. diagonalizable), we have V = ker(C) © Im(C) and 
C|im(c) is invertible. So semi-simple elements are completely described by: 

Lemma 8.4. Assume C is semi-simple and invertible. Then there is a basis 
{ei,...,epj\,...jp} ofV such that B{ei,ej) =B{fiJj) =0, B{ei,fj) = dtp 1 < 
')7 ^ P- For \ <i < p, there exist non-zero A,- G C such that C{ei) = A,e, and 

c{fi) = -Ku 
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Moreover, if A denotes the spectrum ofC, then X GAif, and only if, —X G A; X 
and —X have the same multiplicity. 

Proof. We prove the result by induction on dim(V). Assume dim(V) = 2. Let 
{e\.,e{\ be an eigenvector basis of V corresponding to eigenvalues X\ and A2. We 
have B(C(v),v') = -B(v,C(v')) and C is invertible, so B{ex,ex) = ^(^2,^2) = 0, 

5(^11^2) 7^ and A2 = —X\. Let f\ = — -e2, then the basis {ei,/i} is a 

B[ei,e2) 
convenient basis. 

Assume that the result is true for quadratic vector spaces of dimension n with 
n < 2{p — 1). Assume dim(V) = 2p. Let {ei , . . . ,e2p} be an eigenvector basis 
with corresponding eigenvalues Ai, . . . , ^2/,. As before, B{ei,ei) = 0, 1 < / < 2p, 

so there exists 7 such that S(ei,ey) 7^0. ThenXj = —Xi. Let/i = — -Cj. Then 

± 
^lspan{ei,/i} is non-dcgencratc, soV = span{ei,/i} © Vi, where Vi =span{ei,/i} . 

But C maps Vi into itself, so we can apply the induction assumption and the result 

follows. n 

As a consequence, we have this classical result, used in Section 5: 

Lemma 8.5. 

(1) Let C be a semi-simple element of o{n). Then C belongs to the SO{n)- 
adjoint orbit of an element of the standard Cartan subalgebra of o{n) 
(i.e., an element with matrix diag2„(Ai , . . . , Xp, —Xi ,... , —Xp) if n = 2p 
and diag2p+i (Ai ,... ,Xp,0, —Xi ,... , —Xp) if n = 2p + \ in the canonical 
basis ofC"). 

(2) Let C and C' be semi-simple elements of o{n). Then C and C' are in the 
same 0{n)-adjoint orbit if, and only if, they have the same spectrum, with 
same multiplicities. 

Proof. 

(1) We have C" = ker(C) © Im(C) and rank(C) is even. So dim(ker(C)) is 
even ifn = 2p and odd, ifn = 2p + \. Then apply Lemma [8l4] to C|im(c) to 
obtain the result. 

(2) If C and C' have the same spectrum and their eigenvalues, same multiplic- 
ities, they are 0(«) -conjugate to the same element of the standard Cartan 
subalgebra. 

D 

Remark 8.6. 

(1) Attention: 0(?i)-adjoint orbits ai^e generally not the same as SO(n)-adjoint 
orbits. 

(2) Lemma [831 1) is a particular case of a general and classical result on semi- 
simple Lie algebras: any semi-simple element of a semi-simple Lie algebra 
belongs to a Cartan subalgebra and all Cartan subalgebras are conjugate 
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under the adjoint action MSamSOI . Here, o(n) is a semi-simple Lie algebra 
and the adjoint group is S0(«). 



9. Appendix 2 
Here we prove: 

Lemma 9.1. Let {g,B) be a non-Abelian 5-dimensional quadratic Lie algebra. 
Then g is a singular quadratic Lie algebra. 



Proof. 



We assume g is not solvable and we write g = s © r with 5 semi-simple and 
r the radical of g IIBou71ll . Then 5 ~ s[(2) and 5|sxs = Ak" where K is the 
Killing form. 

If A = 0, consider »F : s ^ r* defined by *F(5)(/?) = B{S,R), for all 5 € s, 
Rex. Then »F is one-to-one and »F(ad(X)(5)) = ad(X)(v^(5)), for all X, 
5 € s. So *F must be a homomorphism from the representation (s, ad |g) of 
s into the representation (r*,ad|0), so *F = 0, a contradiction. 

So A 7^ 0. Then B\zxs is non-degenerate. Therefore g = s © s and 
ad(s)|j± is an orthogonal 2-dimensional representation of s. Hence, 
ad(s)L± = and [s,s^] = 0. We have B{X, [F,Z]) = B([X,F],Z) = 0, for 
all X G s, y G s^, Z G g. It follows that s^ is an ideal of g and therefore a 

quadratic 2-dimensional Lie algebra. So s is Abelian. Finally, g = s © s 
with s^ a central ideal of g, so dup(g) = dup(s) = 3. 

We assume that g is solvable and we write g = 1 © 3 with 3 a central ideal 
of g (Proposition 12.41 ). Then dim(l) > 3. If dim([) = 3 or 4, then it is 
proved in Proposition 12.101 that [ is singular, so g is singular. So we can 
assume that g is reduced, i.e. 2,(g) C [g,g]. It results that dim(2,(g)) = 1 
or 2 (Remark|23]l. 
- If dim(X(g)) = 1, Z{q) = CXo. Then dim([g,g]) = 4 and [g,g] =X^. 
We can choose Yq such that B{XqJq) = 1 and B{YqJq) = 0. Let 

q = (CXo © CFo)^- Then g = (CXq © CFq) © q- If X, X' G q, then 
5(Xo, [X,X']) = B([Xo,X],X') = 0, so [X,X'] G X^. Write [X,X'] = 
A(X,X')Xo + [X,X']q with [X,X']q G q. Remark that [X,[X',X"]] = 
A(X,[X',X"]q)Xo + [X,[X',X"]q]q,forallX,X',X"Gq. So [■,-]^ sat- 
isfies the Jacobi identity. Moreover B([X,X'],X") = -fi(X', [X,X"]q). 

But also B([X,X'],X")=B([X,X']q,X"). So (q, [v]q,S|qxq) is a 3- 
dimensional quadratic Lie algebra. 

If q is an Abehan Lie algebra, then [X,X'] G CXq, for all X, X' G q. 
Write S(7o,[X,X']) = B([Fo,X],X') to obtain [X,X'] = 
S(ad(yo)(X),X')Xo,forallX,X' G q. Sincedim(q) = 3 andad(yo)|q is 
skew-symmetric, there exists 2o £ 1 such that ad(Fo)(Go) = 0. It fol- 
lows that 2o £ Z-Cfl) and that is a contradiction since dim(2,(g)) = 1. 
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Therefore (q,[-,-]q) ~sl(2). Consider 

^ CXo ^ Xo^ ^ q ^ 0. 

Then there is a section a : q ^ X^j- such that 
a([X,X']q) = [o{X),a{X% for all X,X' eq IIBou71i Then a(q) 
is a Lie subalgebra of g, isomorphic to 5l(2) and that is a contradic- 
tion since q is solvable. 

- If dim(Z.(3)) = 2, then we choose a non-zero Xq G Z{q) and Jo £ 
such that B(Xo,Fo) = 1 and B(Fo,io) = 0. Let q = (CXq CYq)^. 

Theng = (CXoQCIo) © q and as in the preceding case, [X,X'] EXq , 
forallX,X' G q. Write [X,X'] = A(X,X')Xo+ [X,X']q with [X,X']q G 
q. Same arguments as in the preceding case allow us to conclude 
that [■,-]q satisfies the Jacobi identity and that B|qxq is invariant. So 
(q, [•, -JqjBlqxq) is a 3-dimensional quadratic Lie algebra. 
If q ~ s[(2), then apply the same reasoning as in the preceding case to 
obtain a contradiction with g solvable. 

If q is an Abelian Lie algebra, then [X,X'] G CXq, for all X, X' G q. 
Again, as in the preceding case, [X,X'] = B(ad(yo)(X),X')Xo, for all 
X, X' G q. Then it is easy to check that g is a double extension of 
the quadratic vector space q by C = ad(}o)|q- By Proposition 14.31 g is 
singular. 

D 

Remark 9.2. Let us give a list of all non-Abelian 5-dimensional quadratic Lie al- 
gebras: 

• g ~ o(3) © C^ with C^ central, o(3) equipped with bilinear form Ak", A G 
C, A 7^ and k the Killing form. We have dup(g) = 3. 

• g — g4 ffi C with C central, g4 the double extension of C by ( „ i ) > 
is solvable, non-nilpotent and dup(g) = 3. 

• g — 05. a double extension of C by — 1 , g is nilpotent and 

\0 / 

dup(g) = 3. 

See Proposition l4.4l for the definition of g4 and gj. Remark that g4 © C is actu- 

/l 
ally the double extension of C^ by 

\0 -1^ 
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